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Abstract

Multi-objective multi-armed bandit (MO-MAB) problems tra-
ditionally aim to achieve Pareto optimality. However, real-
world scenarios often involve users with varying preferences
across objectives, resulting in a Pareto-optimal arm that may
score high for one user but perform quite poorly for another.
This highlights the need for customized learning, a factor of-
ten overlooked in prior research. To address this, we study
a preference-aware MO-MAB framework in the presence of
explicit user preference. It shifts the focus from achieving
Pareto optimality to further optimizing within the Pareto front
under preference-centric customization. To our knowledge,
this is the first theoretical study of customized MO-MAB opti-
mization with explicit user preferences. Motivated by practical
applications, we explore two scenarios: unknown preference
and hidden preference, each presenting unique challenges for
algorithm design and analysis. At the core of our algorithms
are preference estimation and preference-aware optimization
mechanisms to adapt to user preferences effectively. We fur-
ther develop novel analytical techniques to establish near-
optimal regret of the proposed algorithms. Strong empirical
performance confirm the effectiveness of our approach.

1 Introduction

Multi-objective multi-armed bandit (MO-MAB) is an impor-
tant extension of standard MAB (Drugan and Nowe 2013).
In MO-MAB problems each arm is associated with a D-
dimensional reward vector. In this environment, objectives
could conflict, leading to arms that are optimal in one dimen-
sion, but suboptimal in others. A natural solution is utilizing
Pareto ordering to compare arms based on their rewards (Dru-
gan and Nowe 2013). Specifically, for any arm ¢ € [K], if
its expected reward p, is non-dominated by that of any other
arms, arm ¢ is deemed to be Pareto optimal. The set con-
taining all Pareto optimal arms is denoted as Pareto front
O*. Formally, O* = {i | p; # p;,Vj € [K]\ i}, where
u > v holds if and only if u(d) > v(d),¥d € [D]. The
performance is then evaluated by Pareto regret, which mea-
sures the cumulative minimum distance between the learner’s
obtained rewards and rewards of arms within O* (Drugan
and Nowe 2013). However, achieving low Pareto regret alone
overlooks that users ultimately seek options aligned with
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their individual preferences. As the example depicted in Fig.
1, given multiple Pareto optimal restaurants, one user may
give a higher preference to quality, while another user may
give a higher preference to affordibility. This means that user
preferences need to be accounted for in the MO-MAB prob-
lem set up in order to choose the right solution on the Pareto
front O*. This is the focus of this paper.

Numerous MO-MAB studies have been conducted but
most of them achieve Pareto optimality via an arm se-
lection policy that is uniform across all users, which we
refer to as a global policy. One representative line of research
focuses on efficiently estimating the entire Pareto front O,
and the action is randomly chosen on the estimated Pareto
front (Drugan and Nowe 2013; Turgay, Oner, and Tekin 2018;
Lu et al. 2019; Drugan 2018; Balef and Maghsudi 2023). An-
other line of research transforms the D-dimensional reward
into a scalar using a scalarization function, which targets
a specific Pareto optimal arm solution without the costly
estimation of entire Pareto front Drugan and Nowe (2013);
Busa-Fekete et al. (2017); Mehrotra, Xue, and Lalmas (2020);
Xu and Klabjan (2023). These studies construct the scalar-
ization function in a user-agnostic manner, causing the target
arm solution to remain the same across different users (see
Appendix A for a more detailed related work discussion).
However, simply achieving Pareto optimality using a global
policy may not yield favorable outcomes, since, as mentioned
earlier, users often have diverse preferences across different
objectives. Consider Fig. 1(a), where two users with differ-
ent preferences interact with a conversational recommender
to choose a restaurant based on multi-dimensional rewards
(e.g., price, taste, service). Clearly, restaurants A, B, and C
are Pareto optimal, as none of their rewards are dominated
by others. Previous research using a global policy would ei-
ther randomly recommend a restaurant from A, B, or C, or
select one based on a fixed global criterion to achieve Pareto
optimality. However, while recommending a restaurant like
B might lead to positive feedback from user-1, it is likely
to result in a low reward rating from user-2, who prefers an
economical meal, since restaurant B is expensive. In contrast,
Fig. 1(b) illustrates that when the system accurately captures
user preferences (e.g., user-1 prefers a tasty meal, while user-
2 prefers a cheap meal), it can select options more likely to
receive positive reward ratings from both users. Therefore,
we argue that optimizing MO-MAB should be customized
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Figure 1: A scenario of users interacting with a conversational recommender for restaurant recommendation. (a) Recommender
achieves Pareto optimality but receives low rating from user. (b) Recommendations with high users’ ratings when the recommender
captures users’ preferences and aligns optimization with preferences.

based on the user preferences rather than solely aiming for
Pareto optimality with a global policy.

To fill this gap, we introduce a formulation of MO-MAB
problem, where each user is associated with a D-dimensional
preference vector, with each element representing the user’s
preference for the corresponding objective. Formally, in each
round ¢, user incurs a stochastic preference c; € RP. The
player selects an arm a; and observes a stochastic reward
Tyt € RP. We define the scalar overall-reward as the inner
product of arm reward r,, , and user preference c;. The
learner’s goal is to maximize the overall-reward accrued over
a given time horizon. We term this problem as Preference-
Aware MO-MAB (PAMO-MAB).

While interactive user modeling and customized optimiza-
tion cross multiple objectives present promising experimental
results in some areas including recommendation (Xie et al.
2021), ranking (Wanigasekara et al. 2019), and more (Rey-
mond et al. 2024), there are no theoretical studies on MO-
MAB customization under explicit user preferences. Particu-
larly, two open questions remain: (1) how to develop provably
efficient algorithms for customized optimization under differ-
ent preference structure (e.g., unknown preference, hidden
preference)? (2) how does the additional user preferences
impact the overall performance?

Our contributions are summarized as follows.

* We make the first effort to address the open questions above.
Motivated by real applications, we consider PAMO-MAB
under two preference structures: unknown preference with
feedback, and unknown preference without feedback (hid-
den preference), with tailored algorithms that are proven to
achieve near-optimal regret in each case. These approaches
is built on a designed general algorithmic backbone that
introduces two key components: preference estimation and
preference-aware optimization, to enable effective learning
and decision-making under preference-centric customiza-
tion. The expressions of our results are in an explicit form

that capture a clear dependency on preference. To the best
of our knowledge, this is the first work that explicitly show-
cases the fundamental impact of user preference in the
regret optimization of MO-MAB problems.

* For the general hidden preference case, we propose a
novel near-optimal algorithm PRUCB-HP that addresses
the unique challenges of hidden PAMO-MAB with two
key designs: (1) A weighted least squares-based hidden
preference learner, with weights set as the inverse squared
{5-norm of reward observations, to resolve the random
mapping issue caused by random preferences, and (2) A
dual-exploration policy with novel bonus design to bal-
ance the trade-off between local exploration for identifying
better reward arms and global exploration for refining pref-
erence learning. Additionally, we show that the unknown
preference case can be viewed as a special instance of the
hidden setting. A simplified variant, PRUCB-UP, naturally
emerges under this setup, reusing the same backbone with
reduced uncertainty and simplified estimation, while still
achieving near-optimal regret cross all users.

» Extensive experiments consistently validate the effective-
ness of our algorithms in estimating preferences and re-
wards online, as well as in optimizing the overall reward.

2 Problem Formulation

We consider MO-MAB with N users, K arms and D objec-
tives. At each round ¢ € [T, each user n € [N] is presented
with an arm set A} C [K], which may differ across users and
time. The learner chooses an arm ay for user n and observes
a stochastic D-dimensional reward vector Tapt € R CRP,
which we refer to as reward. For the reward, we make the
following standard assumption:

Assumption 1 (Bounded stochastic reward). For ¢ €
[K],t € [T],d € [D], each reward entry r;;(d) is inde-
pendently drawn from a fixed but unknown distribution with



mean p,(d) and variance o2, ,, satisfying ; ;(d) € [0, 1],
and o7, , € [07,02,], where 02,07, € R*.

User preferences. At each round ¢, we consider each user n
to be associated with a stochastic D-dimensional preference
vector ¢ € C C RP, indicating the user preferences across
the D objectives. We refer to this vector as preference for
short. Specifically, we make the following assumptions:

Assumption 2 (Bounded stochastic preference). For ¢t €
[T],d € [D],n € [N], each preference entry c}'(d) is inde-
pendently drawn from a fixed distribution (either known or
unknown) with mean ¢"(d) and variance af,ﬂ - satisfying
c™(d) 2 0. |lef |l < 8. 0% 4 € [0,07].

Assumption 3 (Independence). For any t € [T], n € [N],
i€[K)], d1,d2€[D], r;1(d1), ¢ (dz) are independent.

Assumption 3 is common in real applications since ¢; and
7, are inherently determined by independent factors: user
characteristics and arm properties. For example, an individual
user’s preferences do not influence a restaurant’s location,
environment, pricing level, etc., and vice versa.
Preference-aware reward. We define an overall-reward as
the inner product of arm’s reward and user’s preference,
which models the user reward rating under their preferences.
In each round ¢, for each user n, the overall-reward score
gayp ¢ for the chosen arm ay' is defined as:

T

Jar,t = C? T‘a?,t- (1)
To evaluate the learner’s performance, we define regret as the
cumulative gap in overall-reward between selecting the opti-
mal arm for each user at each round and the actual learner’s
policy across the entire user set:

R(T) = ZtT:1 ZnNzl EnT(Nag* - I’La?)7 (2)

_nT . .
af” =argmax;c 4n ¢c" ' p, is the optimal arm for user n at

round ¢. The goal is to minimize the regret R(T"). We term
this problem as Preference-Aware MO-MAB (PAMO-MAB).

3 A Lower Bound

In the following, we develop a lower bound (Proposition
1) on the defined regret for PAMO-MAB. Such a lower
bound will quantify how difficult it is to control regret with-
out preference-adaptive policies under PAMO-MAB. Firstly,
we present a definition characterizing a class of MO-MAB
algorithms that are ’preference-free”.

Definition 1 (Preference-Free Algorithm). Let ¢! =

{c1,¢9,...,c;} € RP*! be the preference sequence up to
t episode with mean €. Let 7/* be the policy of algorithm
A at time t for selecting arm a;. Then A is defined as
preference-free if its policy 77! is independent of ¢’ and
c e, Pra(a =i | ch,e) = Pra(a; = i) for all arms
i € [K] and all episodes ¢ € [T].

To our knowledge, most existing algorithms in theoretical
MO-MAB studies (Drugan and Nowe 2013; Busa-Fekete
et al. 2017; Xu and Klabjan 2023; Hiiyiik and Tekin 2021;
Cheng et al. 2024) fall within the class of preference-free
algorithms, which employ a global policy for arm selection,
while neglecting users’ preferences.
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Figure 2: A scenario of user’s preference feedback is not
explicitly provided (hidden preference).

Proposition 1. Assume an MO-MAB environment contains
multiple objective-conflicting arms, i.e., |O*| > 2, where
O* is the Pareto Optimal front. Then, for any preference-
free algorithm, there exists a subset of users with distinct
preferences such that the regret R(T) = Q(T).

Proposition 1 shows that for PAMO-MAB problem with
|O*| > 2, sub-linear regret is unachievable for preference-
free algorithms. This is because, for any arm i € O* that is
optimal in one user preference subset C, there exists another
user preference subset C~ where arm ¢ becomes suboptimal,
while preference-free algorithms cannot adapt their policies
to varying preference across the entire space C. Please see
Appendix C for the detailed proof. We therefore ask the
following question: Can we design preference-adaptive al-
gorithms that achieve sub-linear regret for PAMO-MAB?
The answer is yes. In the following, we analyze PAMO-MAB
under two scenarios: hidden preference and preference feed-
back provided, demonstrating that with preference adaptation,
sub-linear regret can indeed be achieved.

4 General Case with Hidden Preference

We first consider a more practical but more challenge sce-
nario where only feedback on the reward and overall reward
is observable, while preference feedback is hidden. For in-
stance, in hotel surveys, customers often provide ratings on
specific objectives (e.g., price, location, environment, ameni-
ties) along with an overall rating (as depicted in Fig. 2). In
such cases, user preferences can be inferred from the latent
relationship between the overall rating and the individual ob-
jective ratings. Formally, at each round ¢, the learner selects
an arm a; € .Ag for each user n, and observes the reward
vector Tqr € R™, and the overall-reward score gqn ;.

Within this framework, we adhere to the original Assump-
tion 1 regarding rewards. It is worth noting that, in many
real-world applications like hotel rating systems, the overall
rating often shares the same scale as individual objective
ratings. Therefore, we assume in this problem that the bound
on the overall reward is identical to that of the individual
rewards. This introduces one additional assumption and one
revised assumption, as outlined below:

Assumption 4. Fort € [T], n € [N], a} € [K], the overall-
reward score satisfies g, ¢ € [0, 1].
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Figure 3: A 2-dimensional hidden preference PAMO-MAB
toy example with mean preference € = [0.5, 0.5], illustrating
preference estimate ¢ via linear regression using reward data
from (a) Arm-1 (dominated mean reward: [0.2, 0.2]) and (b)
Arm-2 (Pareto-optimal mean reward: [0.8, 0.8]).

Assumption 5. For t € [T], n € [N], the stochastic pref-
erence is bounded and satisfies ||c}'||; < 1. Without loss of
generality, we assume c}(d) is R-sub-Gaussian!, Vd € [D].

As discussed in Section 3, policy adapting to user pref-
erence is crucial. To enable effective learning and decision-
making in this setting, we propose a unified framework that
centers around two key components:

* Preference Estimation: Inferring the user preference vec-
tor from the observed bandits feedback.

* Preference-Aware Optimization: Selecting arms based on
preference estimate to align decisions with user intent.

These two components serve as the algorithmic backbone
of our approach and remain consistent across both hidden and
revealed preference settings. However, in the hidden prefer-
ence case, each component faces unique technical challenges.

4.1 Unique Challenges

Random Mapping from r; to g;. In the hidden preference
case, for each user n € [N], the observed overall rewards are
generated through a random mapping of rewards. Specifically,
Jar,t = (€™ + C?)T%;L,t = EnTT‘a;L,t + C?TTa;L,t, where
¢} = c? —¢" € RP is an independent random noise vector.
This formulation implies that the overall residual noise term
Coe = C?Tra?ﬂg is no longer independent of the input. Con-
sequently, standard regression models become infeasible for
preference estimation, as they rely on the assumption that the
residual noise in the output is independent of the input.
Additionally, the magnitude of overall residual noise is
a monotonically non-decreasing function w.r.t each reward
objective, i.e., [[(gt(ri)[| < [[Cg,e(ry)|| iff 75 = ;. This
property implies that arms with smaller reward vectors, which
are often suboptimal in terms of utility, may paradoxically
offer more reliable information for preference estimation due
to their lower sensitivity to noise. This issue would also have
important implications for the optimization strategy, as we
will discuss in the next challenge. Thus, a tailored latent
preference estimator is essential to mitigate the expanding
error w.r.t the reward and ensure effective preference learning.

'By Hoeffding’s lemma, for any X € [a, b] almost surely, X is
a R-sub-Gaussian random variable with R at most (b — a)/2.

Algorithm 1: PRUCB with Hidden Preference (PRUCB-HP)
Parameters: o, \, 5;, w.
Initialization: 7, ; < [0]°, N; 1 < 0,Vi€[K];
For each user n € [N]: &}« [1/D]P, Vi < AL
fort=1,---,T do
for usern € [N] do
Compute reward bonus term:
n,r A logt/« . n
Biy = llerlh ﬁ]\hﬂvz € A
Compute pseudo information gain term:

n,c__ A logt/a . n
Bivt _Bt T11t+ max{Ni,t,l}eHVn —1 ’Vl € At '
t—1

Pull arm a; < arg max;e 45 (¢;') "7 1+ B} +B]'".

Observe reward 7,y ¢ and overall-reward gg» ¢.

Updating:

n __ w n __ n n T
W= oz Ve = Vi 0 ap e e
;T — ny—1 T n
i1 = (Vi)™ X wi Yay tTay L

end for
Updating:

N1 = Nig + 3 cn) Lap=i}-
PNt 0 rap e ap =iy .
N Vi€ [K].

Titt1=
end for

Local Exploration vs Global Exploration. Unlike tradi-
tional bandit algorithms that focus on a single goal (e.g.,
identifying the arm with the highest reward), the uncertainty
in both preference and reward, combined with the need to
infer latent preference, introduces a novel trade-off challenge:
balancing global exploration for better preference estimation
and local exploration of arm rewards:

* Global exploration for preferences: Selecting arms that re-
duce uncertainty in poorly explored direction of the feature
space, refining the model for preference learning.

* Local exploration for rewards: Selecting arms to reduce
uncertainty for specific individual arm reward estimate,
while balancing exploiting empirically high reward arms.

Note that these two learning objectives may conflict, as
arms with high rewards might lack sufficient information for
latent preference learning and may even worsen degrade esti-
mation performance (as we discussed in the first challenge).
This can also be verified by Fig. 3, where 80 samples of
[r+, g¢] are collected by repeatedly pulling an arm, and pref-
erence ¢ is estimated using linear regression. Here, c; at each
step follows a Gaussian distribution with a mean of [0.5, 0.5].
The results demonstrate that samples from suboptimal Arm-1
(Fig. 3a) significantly outperform those from Pareto-optimal
Arm-2 (Fig. 3b) in preference estimation. This necessitates
an exploration policy that effectively addresses both global
and local learning objectives.

4.2 Our Algorithm

To this end, we propose a novel PRUCB-HP method (Al-
gorithm 1) involving two key designs for both preference
estimation and preference-aware optimization as follows.



Key design I: WLS-Preference Estimator. For each user
n € [N], as we have seen before, the randomness of prefer-
ence ¢y leads to the overall residual noise (', be a function
w.r.t, input reward . Moreover, larger input rewards 7}’ re-
sult in greater corruption from the residual noise. To resolve
this, we employ a weighted least-squares (WLS) estimator
for preference learning. Specifically, our algorithm assigns
a weight w* to each observed sample and estimates the un-
known preference using weighted ridge regression:

T 2
¢/ < argmin,cpo Alell3 + Z[ Lwi(e Tap 0 — ga;,e) )
where A is the regularization parameter. Above optimization
problem has a closed-form solution as:

é?:(vtfl ) Z[ 1w[ga Zra?,éy (3)

where the Gram matrix V| = AT 4+ Y"0_1 w} Tap [T‘a y
Inspired by Zhou, Gu, and Szepesvari (2021) using the
inverse of the noise variance as weight for tight variance-
dependent regret guarantee, we define the weight as the in-
verse of squared (5-norm of the reward: w}" = w/||7qr ¢(3,
where w > 0 is a threshold parameter guaranteeing w;* > 1.
Intuitively, it ensures samples with high rewards will be as-
signed smaller weights to reduce the influence of potentially
large residual noises, while samples with low rewards receive
larger weights to ensure their contribution to the estimation.
To see how our choice of weight can tackle the random
mapping issue, we first define 745 , = VW Tap ¢, Gop 4 =

VWY gap t» then the original formula Eq. 1 can be rewrite as

VW Gap it = Jwy ey Ta" e =Vl (@ 4 ¢") Trap
T

Tap e T VWP G Tap s “4)

For term w/wa: T4 ¢, We have the following lemma:

/ _77’L
? ga?,t =c

Lemma 1. For any n € [N], the random variable
Vwg Ct Tan ¢ is sub-Gaussian with constant R’ = \/wR.

The proof is available in Appendix D.1. By above lemma,
we observe that with the designed weight, the original random
mapping regression problem is transferred into a new formula
as (4). Specifically, the output ggn , is mapped from (. , via
a fixed vector ¢ with a normed R’-sub-Gaussian residual
noise, where R’ = y/wR, independent of the input.

Key design II: Dual-Exploration Policy. As discussed
earlier, there is a new global-local exploration dilemma in our
setting. On the one hand, the algorithm must focus on local
exploration by selecting optimistically profitable arms to
discover better ones. Simultaneously, it must globally explore
diverse arms to gather information about the relationship
between r; and g, for modeling the hidden preference.

To resolve this, we design an optimistic dual-exploration
policy by incorporating a preference-driven bonus and
reward-driven bonus under preference-aware optimization
framework for trade-off. The optimistic policy is defined as

ap <= arg max;c 4n (ef) ' Pie+ Bl + B, (5

where B} and B;")“ are the dual-exploration bonus terms
for user n. We detail the design of these bonus terms below

and will later theoretically demonstrate in Section 4.3 how
they establish a tight UCB for the expected overall reward,
ensuring the effectiveness of the optimistic policy in (5).
Reward Bonus B;'}". The reward bonus term explicitly en-
courages local exploratlon of arms with potentially high
rewards, for the principle of optlmlsm in face of uncer-
tainty. Specifically, the bonus B;';" is formulated as a reward
uncertainty-aware regularization term:

B = pilled (©6)

Py = /log(t/a)/max{1, Ny} represents the standard
Hoeffding bonus that quantifies the uncertainty in the re-
ward estimates for each arm, ensuring that arms with higher
uncertainty or lower exploration counts will be prioritized.
Preference Bonus B;',°. The preference bonus term aims to
encourage the exploration of arms that reduce uncertainty
in preference estimation. In previous bandit studies (Abbasi-
Yadkori, Pal, and Szepesvari 2011; Zhao et al. 2020; He et al.
2022) involving linear coefficient (6*) learning, it has been
shown that f3||&;||y,-1 provides a tight confidence bonus for
the payoff of arm ¢, where S is the confidence set radius for
coefficient estimation, and x; is the observable arm feature. In
information theory, ||x;||y/-1 also reflects entropy reduction
in the model posterior, and is used to measure the estimator
uncertainty improvement contributed by the chosen action
x; (Lietal. 2010).

However, such design is not feasible in our setting, as the
exact reward 747 ; is revealed only after pulling the arm ay',
making the actual information gain ||7ap 4[|y -1 from

arm a; unpredictable beforehand. To resolve this problem,

we introduce a pseudo information gain term, defined as

1750 + pisell(ym_y-1, where pf, is the standard Hoeffding
, " ,

bonus. And then the preference bonus is set as
n,r __ ~
Biy =B \Pie + pivell v -1, (N

where [ is the confidence radius of the preference estimate
we will give in Lemma 3. Intuitively, this pseudo information
gain term captures the potential improvement of preference
estimator could achieve by optimistically selecting arm ¢
based on its reward estimation. In this way, it explicitly en-
courages global exploration of arms that reduce uncertainty
in preference estimation while performing local exploration.

4.3 Theoretical Results

In this section, we provide theoretical guarantees for the
PRUCB-HP algorithm. We first characterize the estimation
error of ¢; w.r.t ¢ by WLS preference estimator below.

Lemma 2. Under Assumption 5, for any user n € [N}, 0 <
a < 1, w > 0, with a probability at least 1 — 1, the preference
estimator ¢} in Algorithm 1 verifies for all t € [1,T):

& —2"llvy , < RyJwDlog ((1+wt/A)/9) + VA,

Please see Appendix D.2 for the proof. This estimate con-
fidence bound essentially implies the effectiveness of WLS
preference estimator with the designed weight to handle the
random-mapping issue in our problem. With this in hand, we
can then derive an upper confidence bound for the expected
overall reward for each user.




Lemma 3. Set 3; = \/wD log ((1 4 wt/A)/9) + VA, then
foranyn € [N), i € [K] and t > 0, with probability at least

equal to 1 — 9 — Da? /12, we have
ey < &R+ Bl + Bl ®)

with B = pg, |} || and By =i |10+ 08e| (s
as the bonus terms for dual-exploration.

Please see Appendix D.3 for the proof. Lemma 3 essen-
tially suggests an upper confidence bound of the expected re-
ward for each user, as adopted in our dual-exploration policy
(Eq. 5). Notably, two bonus terms strike a balance between lo-
cal and global explorations while guaranteeing optimization
under the principle of optimism in face of uncertainty.

Theorem 1. For PAMO-MAB with hidden preference, for

any A > 0, by setting o = ,/ﬁf_?))ﬂg,w > D, B =

\/o.)D log (14 wT/\)/a) + V', with probability greater
than 1 — 299, Algorithm 1 has

R(T) =O(DRNJwTlog? ((1+wT/)/9)
DRN

VA
+ N\/KTlog (T]9) + MN),

with M = |min {¢' | to? + A > 2Dw, [ Ktlog £,vt > '} | 2
Here the first term represents regret from preference estima-
tion error, the third from reward estimation error, and the

second from the combined error of both.

Please see Appendix D.5 for the proof. The key difficulty
of the proof is to upper-bound the accumulative preference
bonus ), B; . Specifically, we need to quantify the weighted
¢3-norm of the empirical estimation 7,, ; with weighting
matrix V', constructed by the true reward r,, ; instead. This
inconsistency renders the classical induction method (Abbasi-

. . L. .. det V'
Yadkori, Pil, and Szepesviri 2011) for der12vmg log(S ve)
v
this, we first transfer ”famt”V;jl to ||;¢at||V;11. Then we

wDKT log® ((14wT/\)/9))

. To resolve

infeasible for upper-bounding ), ||7a, ¢

show that for sufficiently large ¢, al|p,, |g[v, )1 serves as
an upper bound for ||p,, |l;,-1 with constant @ > 1 (see
t—1

Lemma 8). This allows us to use al|p,, [|gjv, ,j-1 as an
upper-bound, where a new recursion relationship between
E[V;_1] and p,,, can be guaranteed, enabling us to bound

1og(%&‘é§]}) via induction, which can further be bounded

by slightly modifying existing techniques in linear bandits.

Remark 1. Theorem 1 shows that, even without explicit
preference feedback, PRUCB-HP achieves sub-linear regret
through carefully designed mechanisms for preference adap-
tation. In particular, for ¢t > M, where M is a constant inde-

pendent of 7', the regret asymptotically scales as O(D\/T ).

’Since O’?,\L e R, limyeo 2Dw Ktlogﬁ/(afit) =

lim;— 00 C14/(logt — C2)/t = 0, as \/logt grows much slowly
compared to v/£. Hence M exists for sufficiently large t'.

t=j
C JJ User

Please recommend a top-rated movie.]
& LLM system

If you're looking for a top-rated movie,
"A Complete Unknown" is great.

@ User

| prefer visually stunning movies. ]
> Preferences

@ After response (follow-up prompt input)

t=i
(/) User

Please recommend a top-rated movie.]

| prefer visually stunning movies.

@ Before response (initial prompt input)

> Preferences [

@ LLM system

If you're looking for a visually stunning
movie, "Avatar (2009)" is highly
recommended.

Figure 4: An example where user explicitly provides her pref-
erence to LLM system before (@) or after (@) the response
of movie recommendation (decision making).

To the best of our knowledge, this is the first result character-
izing the performance of PAMO-MAB with hidden preference.

5 A Special Case with Provided Preference

We next consider another practically important case where
the user’s preferences are explicitly provided to the agent
either before or after decision making. This setup is prevalent
in numerous real-world applications. Many online systems
now allow users to express their preferences through inter-
active techniques, such as conversations and prompt design,
either before or after taking action. For example, as shown
in Fig. 4, a user can explicitly share her movie preferences
with an LLM-based chat system either prior to receiving a
recommendation (@ in the initial input) or after receiving one
(@ in the follow-up conversation).

We observe that when the preference vector ct is known
before decision-making, the problem reduces to a standard
single-objective MAB. Instead, we focus on the more chal-
lenging case where the preference is unknown during action
selection but revealed afterward. The known-before-action
case can be treated as a special instance of this setting and is
deferred to Appendix E.2. The goal remains to maximize the
cumulative overall-reward over all users. Formally, at each
round ¢, the learner selects an arm a;, then observes both
the reward r_a,, t and user’s preference c¢;, with both adher-
ing to the original Assumptions 1 and 2. This setting avoids
the challenges of preference inference and stochastic reward
mapping, and can be viewed as a special case of the hidden
preference setting with zero noise in preference feedback.

To address this case, we propose a simplified algo-
rithm: PRUCB-UP (Algorithm 2) which builds on the same
Preference-Aware framework used in the hidden case, with
two direct adaptations:

Preference estimation. Due to the explicitly provided pref-
erence feedback c}, we can directly leverage the empirical
average of historical feedback as the preference estimate for
each user n. For t > 1, preference estimate is updated as

ety = ((t—1)&} +cp)/t. 9)

Similarly, the reward estimate +; ; is defined as empirical
estimation. For ¢ € [1,T], it is updated as:

Nijt+1 = Nig + 3 e Lap=i}- (10)



Algorithm 2: PRUCB Unknown Preference (PRUCB-UP)

Initialize: o, N; 1 <0, #; 1 < [0]P, Vi€ [K];
&y« [0]P,vn € [N].
fort=1,---,T do
for user n € [N] do
Draw arm a} by (11),
Observe reward T4 ¢ and user preference c'.
Update preference estimate ¢, ; by (9).
end for
Update Ni,t+1, 7A"i7t+1,VZ. € [K} by (10).
end for

Titr1 = (PitNig + ZHG[N] Tap ﬂ{ag:i})/Nz‘,tH,
with N; 1 < 0,7, 1 [0]P,Vi € [K].

Preference-aware optimization. We adopt the same UCB
framework as in hidden preference case for preference-aware
optimization, but with key simplifications. Since the prefer-
ence c; is observed after action selection and is independent
of the chosen arm, its estimation does not involve sequential
decision-making—hence no confidence term is needed for
¢;. In contrast, reward estimates 7*; remain action-dependent,
requiring reward bonuses to ensure sufficient exploration.
To this end, the arm selection policy is designed as:

aj = argmax;c 4p (€)T (Pig + p3€). (11)

where pf', = /log(t/a)/ max{1, N; ;} is standard Hoeffd-
ing bonus. We characterize the regret of PRUCB-UP below.
Theorem 2. Let 7" = {t € [T] | i € AP,i# a?*}, 9" =
Tpape = ) mft = mingers € (pgpe — py),
o, Algorithm 2 has the

maxte7y C°

A7l = maxq jyercap |1 — By
regret R(T) of

5%log T D?||A"Y)|362
0( S 3 (PIETy prrgzyer g DA )
ne[N]ic[K] " "
RY. RS,

where R, and R%. refer to the regrets caused by reward
estimate error and preference estimate error respectively.

Remark 2. Theorem 2 shows that with preference feedback,
PRUCB-UP achieves a regret of O(K N§log T + K N§D?),
demonstrating near-optimal performance. Notably, the regret
caused by additional preference estimation error is bounded
by a constant related to objective dimension D and preference
£1-norm bound J. This implies that the impact of preference
estimation error on the regret is small. Additional, we show
the preference known case can be solved by PRUCB-UP as
a special case, achieving regret of O(KdlogT'), please see
Appendix E.2 for details.

To prove Theorem 2, the main difficulty lies in decoupling
and capturing the effect of the joint error from both reward
estimation and preference estimation on the final regret. To
address this, we introduce a tunable parameter € to quantify
the error of preference estimate ¢é;, and decompose subopti-
mal actions into two disjoint sets: (1) suboptimal pulls under

10° Num Users=5, K=25, D=8 100 K=5, D=8
X T X P
( . ucB ----- Pareto-UCB ( - S-uce e
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Figure 5: Regret comparison of our proposed PRUCB with
other benchmarks under different preference environments,
where our methods outperforms other methods significantly.

sufficiently precise preference estimate; (2) suboptimal pulls
under imprecise preference estimate, which we show to be
more analytically tractable. Please see Appendix E.1 for the
full proof.

6 Numerical Analysis

We evaluate the performance of PRUCB-UP and PRUCB-
HP in unknown and hidden preference environments, re-
spectively. The PAMO-MAB instance includes N users, K
arms and D objectives, with preferences and rewards follow-
ing Gaussian distributions with randomly initialized means.
(Detailed settings refer to Appendix B.2). We introduce a
user-switching protocol to simulate practical scenarios. The
environment features multiple users, each exposed to a block
of arms (5 in our setup) per round. Only arms within the
current block can be selected for that user. In the next round,
the arm block rotates to a another user. The objective is to
maximize cumulative overall ratings across all users. A more
detailed illustration is provided in Appendix B.2.

We compare our results with other baselines including
S-UCB, Pareto-UCB (Drugan and Nowe 2013), S-MOSS,
Pareto-TS (Yahyaa and Manderick 2015)), UCB (Auer, Cesa-
Bianchi, and Fischer 2002), MOSS (Audibert and Bubeck
2009) and OFUL (Abbasi-Yadkori, Pal, and Szepesvari 2011).
The regret is averaged across 10 trials with round 7" = 5000.
Figure 5 shows that our proposed algorithms significantly
outperform other competitors under both environments. It is
worth noting that for all the preference-free competitors ex-
hibit linear regret, aligning with Proposition 1, demonstrating
that approaches agnostic to user preferences cannot align their
outputs with user preferences, even if they achieve Pareto
optimality. For more comprehensive experimental analyses,
please refer to Appendix B.

7 Conclusion

In this paper, we make the first effort to theoretically explore
the explicit user preferences-aware MO-MAB. Motivated by
real-world applications, we provide a comprehensive anal-
ysis of this problem under unknown preference and hidden
preference environments, with tailored algorithms achieving
provably near-optimal regrets.
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A Related Work

Multi-Objective Multi-Armed Bandits. MO-MAB extends scalar rewards in the standard MAB problem to multi-dimensional
vectors. The Pareto-UCB (Drugan and Nowe 2013) introduced the MO-MAB framework and Pareto regret as a metric, achieving
O(log T) Pareto regret using the UCB technique. Other techniques, including Knowledge Gradient (Yahyaa, Drugan, and
Manderick 2014) and Thompson Sampling (Yahyaa and Manderick 2015), have subsequently been adapted for MO-MAB.
Additionally, researchers have extended the contextual setup to MO-MAB (Turgay, Oner, and Tekin 2018; Lu et al. 2019). These
studies aim to approximate the entire Pareto front O*, and employ a random arm selection policy on the estimated Pareto front
for Pareto optimality. Considering computing the full Pareto front is expensive, another line of work propose to converts the
multi-dimensional reward into a scalar value through a scalarization function, targeting a specific Pareto optimal solution while
not the entire Pareto front. Our work also falls within the realm of this framework. The scalarization function can either be
randomly initialized (chosen) (Drugan and Nowe 2013; Xu and Klabjan 2023), or optimized based on a fixed metric, such as
the Generalized Gini Index score (Busa-Fekete et al. 2017; Mehrotra, Xue, and Lalmas 2020). Nonetheless, existing studies
primarily achieve Pareto optimality through a global policy for arm selection across all users. As discussed in Section 1, merely
achieving Pareto optimality with a global policy may not yield favorable outcomes, as users have diverse preferences on different
objectives.

Preference-based MO-MAB optimization. Recent studies have explored MO-MAB optimization using lexicographic order
(Ehrgott 2005) to reflect user preferences. In lexicographic order, objectives are prioritized hierarchically, where the first
objective takes absolute precedence over the second, and so on. Hiiyiik and Tekin (2021) first introduced lexicographic order
to MO-MAB, and Cheng et al. (2024) extended it to mixed Pareto-lexicographic environments. However, lexicographic order
may not adequately capture a user’s overall satisfaction in real-world applications, where preferences often involve trade-offs
rather than strict prioritization. For example, a user may prefer a $10 meal with good taste over a $9.5 meal with poor taste, even
though cost is a priority. Our work proposes a more general framework that incorporates a weighted order based on the user’s
explicit preference space. Notably, the lexicographic order becomes a special case of our proposed PAMO-MAB framework.

B Experiments

In this section, we conduct numerical experiments to evaluate the effectiveness of our proposed algorithms under different user
preference environments.

B.1 Experiments in Hidden Preferences Environment

In this section, we evaluate the performance of PRUCB-HP in modeling user preference c¢; and optimizing the overall reward
when explicit user preference is not visible, but overall reward g,, ; and reward 7, ; are revealed after each episode.

Experimental protocol. Given that PRUCB-HP models both the expected arms reward and user preference, we designed a new
user-switching protocol for evaluation. Figure 6 illustrates this protocol with 3 users and 9 arms. Specifically, at each episode,
one user is exposed to a block of arms (3 in our illustration). Only the arms within this block can be selected for this user. After
one arm has been pulled, the system observes the reward r,, ; and user’s overall ratings g, ; corresponding to the pulled arm a;.
In the next episode, the arm block rotates to another user. The goal is to maximize the cumulative overall ratings from all users.
This protocol simulates real-world applications, such as recommender systems, where empirical multi-objective rewards
(ratings) of arms (recommendation candidates) are obtained from a diverse set of users rather than a single fixed user. Additionally,
users are not always exposed to a fixed set of arms (recommendation candidates). This user-switching protocol allows us to
evaluate the algorithm’s ability to model arm reward and user preference, thus enabling the customized optimization of users’
overall ratings. In Figure 6(b), we present an intuitive example of the protocol in the context of real-world hotel recommendations.
Specifically, the blocks represent different cities (e.g., NYC, LA, CHI), and the hotel candidates within these cities correspond to
the arms within the blocks. At each time step, a customer travels to a city, stays in a hotel recommended by the system, and
leaves feedback (both objective and overall ratings) after her or his stay. In the next episode, the customer travels to a different
city and encounters a new set of hotel options. The hotel recommender system needs to learn the multi-objective rewards of
all hotel candidates from various customers and model each customer’s preference based on their multi-objective and overall
feedback. This enables the system to customize optimal hotel recommendations tailored to individual user preference.

Baselines. We compare our algorithm PRUCB-HP in terms of regret with the following multi-objective bandits algorithms.

* S-UCB (Drugan and Nowe 2013): the scalarized UCB algorithm, which scalarizes the multi-dimensional reward by assigning
weights to each objective and then employs the single objective UCB algorithm Auer, Cesa-Bianchi, and Fischer (2002).
Throughout the experiments, we assign each objective with equal weight.

* S-MOSS: the scalarized UCB algorithm, which follows the similar way with S-UCB by scalarizing the multi-dimensional
reward into a single one, but uses MOSS (Audibert and Bubeck 2009) policy for arm selection.

* Pareto-UCB (Drugan and Nowe 2013): the Pareto-based algorithm, which compares different arms by the upper confidence

bounds of their expected multi-dimensional reward by Pareto order and pulls an arm uniformly from the approximate Pareto
front.
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Figure 6: (a) Users switching protocol for experimental evaluation of hidden preference and multi-objective reward modelings.
(b) One real-world example of the experimental protocol.
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Figure 7: Regrets of different algorithms under hidden preference environment.

* Pareto-TS (Yahyaa and Manderick 2015): the Pareto-based algorithm, which makes use of the Thompson sampling technique
to estimate the expected reward for every arm and selects an arm uniformly at random from the estimated Pareto front.

* OFUL (Abbasi-Yadkori, Pél, and Szepesvari 2011): an adaptation variant of OFUL (Abbasi-Yadkori, Pal, and Szepesvari
2011), a widely used linear bandit benchmark, in MO-MAB problem. This variant estimates user preferences using ridge
regression based on reward and overall reward feedback, replaces the input feature with the empirical reward estimate, and
applies an € = 0.05 rate for exploration.

» UCB (Auer, Cesa-Bianchi, and Fischer 2002), MOSS (Audibert and Bubeck 2009): classic algorithms for single-objective
Multi-Armed Bandits (MAB) that rely on feedback from overall scalar rewards.

Experimental settings. For evaluation, we use a synthetic dataset. Specifically, we consider the MO-MAB with N users,
K arms, each arm ¢ € [K] associated with a D-dimensional reward, where the reward of each objective d follows a Gaussian
distribution with a randomized mean p,(d) € [0, 1] and variance of 0.01. For each user n € [N] preference, we consider two
settings including predefined preference and randomized preference. For predefined preference-aware structure, we define the
mean preference €" as ¢, (d) = 2.0 if d = ;0.5 otherwise, where j € [D] is randomly selected. The practical implication of
this structure is that it represents a common scenario in which the user exhibits a markedly higher preference for one particular
objective while showing little interest in others. For randomized preference, the values of mean preference ¢" are randomly
defined within [0, 5]. For both setups, the instantaneous preference is generated under Gaussian distributions with corresponding
means and variance of 0.5.

For user-switching protocol, we set /N blocks in total, with each block containing 3 fixed arms. At each episode, each user will
be randomly assigned one block without replacement. The learner can only select the arm within assigned block for each user.

Implementation. Similarly, we set « = 1 in PRUCB-HP. For regularization coefficient, we set A = 1. For confidence radius,
we set 3; = 0.14/Dlog(t). For weight scalar, we set w = D. We perform 10 trials up to round T = 5000 for each set of
evaluation.

Regret Results. We report average performance of the algorithms in Fig. 7. As shown, our proposed PRUCB-HP achieves
superior results in terms of regret under all experimental settings compared to other competitors. This empirical evidence
suggests that modeling user preference and leveraging this information for arm selection significantly enhances the performance
of customized bandits optimization.
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Figure 8: A simple 2D hidden preference PAMO-MAB for preference estimation comparison between standard LR estimator
and our tailored WLS-estimator under different samples.

Analysis on WLS Estimator In this section, we investigate the effectiveness of the proposed WLS-preference estimator with
the carefully designed weight w;. Specifically, we consider the 2D PAMO-MAB toy instance shown in Section 4.1. This instance
contains two arms: Arm-1 with dominated mean reward [0.2,0.2] ", and Arm-2 with Pareto-optimal mean reward [0.8,0.8] T.
The preference ¢, at each step follows a Gaussian distribution with a mean of [0.5, 0.5] and variance of 0.05 for each objective
dimension.

We compare the preference estimation performance with the standard linear regression model under different sample numbers,
i.e., 20, 50, 80, 200 (half for each arm). The results are shown in Figure 8. Notably, our proposed WLS-preference estimator
consistently achieves better preference estimation performance (lower error to the ground-truth [0.5, 0.5]) than standard linear
regression, verifying the effectiveness of our method for preference learning in hidden preference PAMO-MAB problem.
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Figure 9: Regrets of different algorithms under unknown preference environment.

B.2 Experiments in Unknown Preference Environment

In this section, we verify the capability of PRUCB-UP to model users’ preferences c}' and optimize the overall reward cross
all users in a stationary preference environment. We compare our algorithm PRUCB-UP in terms of regret with the following
multi-objective bandits algorithms including S-UCB (Drugan and Nowe 2013), S-MOSS, Pareto-UCB (Drugan and Nowe
2013) and Pareto-TS (Yahyaa and Manderick 2015)). Additionally, we compare the performance with GT: a PRUCB-UP variant
with known preference as a ground truth, where we replace the preference estimation in Algorithm 2 with the true preference



estimation.

Experimental Settings and Implementations. The generations of user preference ¢’ and objective rewards r; follow the
same settings as hidden environment. For the implementations of the algorithms, following previous studies (Auer, Cesa-Bianchi,
and Fischer 2002; Audibert, Munos, and Szepesvari 2007), we set a = 1. The time horizon is set to T = 5000 rounds, the
number of user [V is set as 2, and we repeat 10 trials for each set of evaluation due to the randomness from both environment and
algorithms.

Regret Results. We report the averaged regret performance of the algorithms in Fig. 9. It is evident that our algorithm
significantly outperform other competitors in all experiments. This is expected since the competing algorithms are designed for
Pareto-optimality identification and do not utilize the preference structure of users considered in this paper, which our algorithm
explicitly exploits. Additionally, from the zoom-in window, we observe that PRUCB-UP exhibits only a very slight performance
degradation compared to GT, which knows the preference expectation in advance. This indicates that the proposed PRUCB-UP
can effectively model user preference via empirical estimation in stationary preference environments.

C Proof of Proposition 1

Lemma 4 (Variant of Lemma 7 in (Jun et al. 2018)). Assume that a bandit algorithm enjoys a sub-linear regret bound, then
E[N; 1] = o(T),Vi # a*.

Proof The sub-linear regret bound implies that for a sufficiently large 7T there exists a constant C' > 0 such that
Zz LEIN: )€/ (ptax — i) < OT. Hence we have E[N; 7€, (p1q- — ;) < CT, Vi # a*, implying E[N; 7] < % O
Proof of Proposition 1. We proof the Proposition 1 using a simple toy instance with 2 arms and 2 objectives. For the derivation
based on the general instance, please refer to Appendix C.1.

Let us consider an instance with two arms, where arm-1 has fixed reward 7y = [1,0] 7, arm-2 has fixed reward r5 = [0, 1] T
There two preference vectors ¢; = [1,0] " and ¢, = [0, 1] . Apparently, under preference ¢y, arm-1 is the optimal arm, while
for preference c2, arm-2 is the optimal.

Assume there exists a preferences-free algorithm A (i.e., Pareto-UCB (Drugan and Nowe 2013)) achieving sub-linear regret
under preference c;. By Lemma 4, we have

Ec, [No,7] = ZPA\Q (ar = 2| 1) = o(T),
te(T)

where N» 7 denotes the number of pulls of arm-2 (suboptimal).

Since the policy 7/* of A is independent on the sequences of instantaneous preferences and preferences means, thus for
algorithm A under preference co, we have

Cz NQT Z]P) A|c2 at—2|02 Z P A\cl at—2|61) CI[JVQ’T]ZO(T)7
te[T] te[T)

where the second equality holds by the the definition of preferences-free algorithm in Definition 1.
However, recall that under preference co, arm-2 is the optimal arm, which implies that the regret of .A under preference ¢
would be at least Q(7T), i.e.,

Re,(T)=1-E¢,[Ni7]=1- (T —E¢,[Nor]) >T —o(T) = QUT).

C.1 General Version
Definition 2 (Pareto order, (Lu et al. 2019)). Let u, v € R” be two vectors.

* u dominates v, denoted as u > v, if and only if Vd € [D], u(d) > v(d).
* v is not dominated by u, denoted as by u ¥ v, if and only if w = v or 3d € [D], v(d) > u(d).
* u and v are incomparable, denoted as u/||v, if and only if either vector is not dominated by the other, i.e., u % v and v ¥ wu.

Proof of Proposition 1 (General Version). We first construct an arbitrary K-armed D-objective MO-MAB environment with
conflicting reward objectives. Let each objective reward of each arm follow a distribution, i.e., 7; ;(d) ~ Dist; 4,Vi € [K],Vd €
[D], with mean of 1;(d). Define P := {[Dist; 4], [Dista 4]?, ..., [Dist 4]”} be the set of K-armed D-dimensional reward
distributions.
We start with a simple case where the MO-MAB environment has two conflicting objective arms. Specifically, assume that
Ju,v € [K], s.t.,
B # Bs Bl



and
o = Bis My > i Vi € [K]\ {u, v}

Due to p1,, # p,, by taking the orthogonal complement of g, — ps,,, we can construct a subset C.+ := {c € RP|e" (u,—p,) =
0}. Next we consider two different constant preferences vector sets as the user’s preferences, to construct two sets of preferences-
aware MO-MAB scenarios.

Scenarios S_+ . For any ¢* > 0, we can construct a subset C.+ := {c € RP|e" (u,, — p,) = s*}. Specifically, the general
form of c.+ € C.+ can be written as c.+ = m(p’“ — 1) + co, Where ¢ is any vector such that ¢y € Cy. Then for the
preferences-aware MO-MAB scenarios S+ = {7? x C.+ } under the sets of arm reward distributions P and user preferences
Cc+. it is obvious that arm w is the optimal arm since g, > p,,Vi € [K]\ {u,v} and e[, p,, > ¢l p,,, Ve € Cer.

Scenarios S, . Similarly, for any ¢~ < 0, we can construct a subset C.— := {c € RP|e" (u,, — p,) = €7}, with the general
form of ¢.- = m(uu — 1) + ¢o, where ¢ is any vector such that ¢y € Cy. For scenarios S.- := {P x C.- } with
same arm rewards distributions P but modified user preferences C.- sets, we have the arm v to be the optimal.

We use P+ to denote the probability with respect to the scenarios S.+, and use P.— to denote the probability con-
ditioned on S.-. Analogous expectations E_+[-] and E.-[-] will also be used. Let a®~! = {A4;,...,4; 1} and r'"1 =
{x1,...,x1_1} be the actual sequence of arms pulled and the sequence of received rewards up to episode ¢t — 1, and
H' ™' = {(A;,21),...,(A,_1,z,_1)} be the corresponding historical rewards sequence. For consistency, we define a, r’ and
H? as the empty sets. Assume there exists a preferences-free algorithm A (i.e., Pareto-UCB (Drugan and Nowe 2013)) that is

possibly dependent on historical rewards sequence H' ™! at episode ¢ (classical assumption in MAB), achieving sub-linear regret
in scenarios Sc+. Let IV; 7 be the number of pulls of arm ¢ by A up to 7" episode. By Lemma 4, we have
E+[Ni7] =E+[Nyr] =T — o(T). (12)
Since the policy 77! of A is possibly dependent on H'~! but independent on the sequences of instantaneous preferences ¢ |
and preferences means ¢, for t € (0,7}, i € [K] we have

E§+ []laf 1} - ]EE []lllf Z]
= Z / IP)Tr{‘\ (at = i|Ht_1v [c()]—rv CO) : ]Pc‘*' (Ht_l)drt_l
- 1€[K t—1 elo 1]D><(t 1)
- > / Pra(a; = i[H'™! [e.-]T, ec-) - Po (H' '™ (13)
e[k t—1 Ol]Dx(t 1) t
= Z / Poa(a, =iH™)- (IF’§+(Ht_1) - ]P’E_(Ht_l)>drt_1,
LL e[K]' 1 01D><(t 1)
with
t—1
Pe+ (Ht_l) = (P§+ (HT_l) 'Pﬂ;“(aT = AT|HT_1) Pt (ra, = z7]a; = AT)) )
T=1
i (14)
_(HTh H S HTTY) Pralar = AHTY) P (1, = 2]ar = A7) .

where ¢y, c.- can be any constant vectors such that ¢y € Cy and ¢y € C.-. (a) holds since the policy 7rg“ is independent of ¢ "
and €. Hence P a(a; = iH™ = Pralar = iH™ [eo] T, e0) = Praar = i/H'™!, [e.-]T, .- ) (recall the definition of
preferences-free algorithm in Definition 1).

Additionally, please note that both scenarios S.+ and S.- share the same arm reward distributions PP, which implies that for
any t € (0,7] and A € [K], we have

Pe+(ra, = wilay = A) = Pe- (1o, = ®i]ar = A).
Combining result above with Eq. 14 and using the fact that H° := () for both S+ and S.-, it can be easily verified by
induction that P (H'™!) = P, (H™'). Plugging this back to Eq 13 yields
E§+ []lat:’i] - EE_ []lat:i]
0

- > /[ P alar = ) - (P (G2 Jar' ™ =0

E[O 1]D><(t 1)

15)



By summing over 7" we can derive that

T T
Ec+[Niz] = > Eer[la,=i] = Y Ee-[la,=i] = E-[Nig].
t=1

t=1

Combining above result with Eq. 12 gives that=
Ee+[Nur] = Ee~ [Nur] =T = o(T) = Q(T).

However, recall that in scenarios S,.—, u is a suboptimal arm, which implies that the regret of A in S.— would be at least Q(7),
ie.,

R(T)=> el (pt — pti)Ec-[N; 1]
i#v
> |e7 |E.- [Ny, 1] = QT).

The analysis above indicates that for the case with two objective-conflicting arms u, v, for any preferences-free algorithm A, if
there exists a ¢ > 0 such that A can achieve sub-linear regret in scenarios S+, then it will suffer the regret of the order Q(7T')
in scenarios S.- for all e~ < 0, and vice verse (i.e., sub-linear regret in e~ > 0 while Q(7T') regret in S+).

Next we extend the solution to the MO-MAB environment containing more than two objective-conflicting arms. Specifically,
for each conflicting arm ¢, we can simply select another conflicting arm 5 to construct a pair, and apply the solution we derived
in two-conflicting arms case. By traversing all conflicting arms, we have that for any preferences-free algorithm A achieving
sub-linear regret in a scenarios set Sy with a subset of conflicting arms {a*} as the optimal, there must exists another scenarios
set S}, for each arm ¢ € {a*} such that the arm 7 is considered as suboptimal and lead to the regret of order 2(7T"). This concludes
the proof of Proposition 1.

Remark 3. As a side-product of the analysis above, we have: If one MO-MAB environment contains multiple objective-conflicting
arms, i.e., |O*| > 2, where O* is the Pareto Optimal front. Then for any Pareto-Optimal arm i € O, there exists preferences
subsets such that the arm ¢ is suboptimal.

D Analyses for Section 4 (Hidden Preference)

Our main result of Theorem 1 in Section 4 indicates that the proposed PUCB-HPM under hidden preference environment
achieves sublinear expected regret R(T') < O(D+/T). To prove this, we need two key components. The first is to show that the
value of #; +, the matrix of V¢, and the value of &; are good estimators of p,;, E[V;] and € respectively. The second is to show
that as long as the aforementioned high-probability event holds, we have some control on the growth of the regret. We show the
analyses regarding these two components in the following sections. In the following proofs, we focus on the user-specific regret
R™(T) and then sum the result over whole user set N. For notational simplicity, we fix a user n and omit the user index n as
superscript.

D.1 Proof of Lemma 1
The following lemma directly come from the definition of the sub-Gaussian variables.

Lemma S5 (Lamprier, Gisselbrecht, and Gallinari (2018)). Let X, and X5 be two sub-Gaussian variables with respective
constant Ry and R, let a1 and a5 be two real scalars. Then the variable oy X1 + asXs is sub-Gaussian too, with constant
Va2 X? +a3X?

149 249-

Proof of Lemma 1. By Assumption 5 and Lemma 5, we have that that for any d € [D] and any ¢, ¢,(d) = ¢, — Cis also R
7)2 2 . . .
sub-Gaussian: E[e?¢+()] < ¢* 2 For ¢, 74, 4. the independence implies:

2 p2 2
A R? Tae(p] ag,t(d) A2R2|ra, 113
2 = e 2 s

]E[e)‘CtT’“apt] = ]E[e)‘ 2acip] Ct(d))”tvf(d)] — H E[e)‘gt(d))mt,t(d)] <e

de[D]

where the inequality holds by sub-Gaussian definition and Lemma 5 that if a is o-subgaussian, then ba is |b| R-subgaussian. The
result above implies that the overall residual noise ¢ ;r Ta,.t 18 || 7q, t||2 R-subgaussian, which is collinear with the input reward
sample rg, ;.

By applying the the weight w; and using Lemma 5, we can derive that the normed overall residual term ,/w;¢ : Ta,t =

ﬁ( tT T, .t 1S v/wR-subgaussian, which eliminates the heteroscedasticity of the residual error induced by selected arm.  [J
at, ’



D.2 Proof of Lemma 2 (Confidence Ellipsoid for c)
First we state two useful lemmas that will be utilized in our confidence analysis of preference estimator:
Lemma 6 (Self-Normalized Bound for Vector-Valued Martingales, Variant of Theorem 1 in (Abbasi-Yadkori, Pél, and Szepesvari

D
2011)). Let {F:}2, be a filtration, and let {(] = M};’il be a real-valued stochastic process such that (; is Fi-

Imay,¢ll2

measurable, E[C: | Fi—1] = 0 and (¢ is conditionally R-sub-Gaussian for some R > 0. Let {r}, = VLTS 152, be an

[Ta,.ell2
R%-valued stochastic process such that vy is Fi-measurable. Assume that V. € R4* is a positive definite matrix, and define

V,=V + 22—21 'r;Mr’aé’gT. Then for any o > 0, with probability at least 1 — «, for all t > 1, we have

T 2
Z CéTaz N4
=1

Proof. By definition and Tower property (Lemma 18), for any ¢ € [T'], we have

w w
El¢rt, JFio1] =B |58 PayaTart | Fiot| =E |E |58 PayaTart | Parts Fiot| | Feot] -
© [7atll3 [7a.ell3

By Assumption 3 (independence between reward and preference), we have (4, + L ¢;) | F;—1, and since r,, ; is known
inside the inner expectation, we have

det (V)2 det (V)2
«

< 2wR? log

v,

E[¢, [ 7a,t: Ft—1] = E[¢y | Fr—1] = 0.
Hence
w T
= ﬁratytrat,t : ]E[Ct | ratyt"/—..t—l] =0
||T0«t,t||2

which implies E[¢}7,, , | F;—1] = 0. Thus, the process S; = >°,_, ¢y, , remains a martingale with respect to {F;}, even
though 7, ¢ is not F,_1-measurable.

Please note this differs from (Abbasi-Yadkori, Pdl, and Szepesvdri 201 1), where the feature vector X; must be F;_1measureable
sothat E[n: Xy | Fi—1] = X4E[n: | Fi—1] = 0, with n; as conditionally zero-mean sub-gaussian random variable.

With the conditions that S; is martingale and ¢, is conditionally sub-Gaussian, the process M;* = exp(u'S; — ||ul|}) isa
nonnegative supermartingale w.r.t { ¥} } for arbitrary u. Hence, Lemma 8 and Lemma 9 in (Abbasi-Yadkori, Pél, and Szepesvari
2011) can be directly applied to derive the self-normalized bound stated as Lemma 6 in our paper. The proof is omitted here, as it
follows identically from the proof presented in Lemma 9 of Abbasi-Yadkori, Pal, and Szepesvari (2011). O

w T
E |: QCt rat,trat,t | rat.,t;ft—l:|

170,612

Lemma 7 (Determinant-Trace Inequality (Abbasi-Yadkori, Pal, and Szepesvari 2011), Lemma 10). Suppose X1, ..., X € R?
and || X ||2 < L,V0 € [1,t]. Let Vi = A\ + 22—21 XX, for some \ > 0, then

tL?

det (V) < (/\ + d>d.

Proof of Lemma 2. According to the definition of estimated vector ¢; in Algorithm 1, we have

t—1 t—1
" -1 ~1 _T T
a=V, 5 E WeGap tTagt = V4 § wf(c Tape+Cp razl)rae,f?
=1 =1

where the second equality followed by the definition of overall reward g,, ; = (€ + ¢ t)Traht = ETraht + CtT Tayts CtT e RP
is an independent noise term over ¢ to denote the randomness of c;.
This equation further implies that the difference between estimated vector ¢; and the unknown vector € can be decomposed as:
t—1
-1 T T —
Vi Y wi(@ rag e+ ¢ rage)Tace — CH
=1
t—1 t—1
-1 =T T -1 T _
= [V D we(@ ra e+ ¢l ran)Tane = Vit (D wera,era, o + /\I)CH
=1 =1
= ) (16)
= (Vih DY weC/ rapira,e — )‘Vt—léH
=1

¢ —¢
e —ellv... .

Vi

Vi1

TIA

t—1
-1 T —1 —
‘th E weCy Tag,erag,eH + H/\Vt,ch ,
=1 Vi Ve

-1

R Regularization error: I
Stochastic error: 14 g 2



where (a) holds followed by the triangle inequality that || X + Y||a < || X||a + [|[Y ]| a.
Bounding term I;. For the stochastic error term /7, we first construct two auxiliary terms:

\/aCeTTaM \/‘;ratz,f

17a,ell2 17ac,ell2

G =

, an drapz

For Q, by Lemma 1, we have (; is y/wR-subgaussian.

For 7, ,, we have

! y = f‘lraé7€||2 _ \/a
ag b

17asell2

With the notations of ¢; and rgm s> we have

t—1
-1 § : T
Il = Vt—l ’wgCg raf,gr%gHV

’ vy (17)

_ 1/2d t(V —-1/2
< \/QWRQIOg (det(Vt ) et(Vo) )

(%

(with probability at least 1 — «)

; R%Dlog (wT/A)?
(b) @

where (a) holds by Lemma 6, and (b) holds by Lemma 7 with V';,_; = A\I + Ze L, " and 7, oll2 = V.
Bounding term /. Note €' r; € [0, 1] and r; € [0, 1]P, we have >_de(p) €(d) < 1 with€(d) = 0,Vd € [D], which implies

l[ellz < [lefly < 1.

Thus for the regularization error term I», we have

b=[visely, , =Ml < Al = Vlely < VA,

where (a) holds since V; !, < V' = §
Combining term /; and term /5, with Eq. 16 completes the proof of Lemma 2. O

D.3 Proof of Lemma 3 (Upper Confidence Bound for Expected Overall Reward)
Proof. Forany i € [K],d € [D],t > 0, by Hoeffding’s Inequality (Lemma 17), we have:

N log(t/a) —2N?, log(t/a)
P (Ti,t(d) — p(d)| > N ) < 2exp (Nm SVl - 0)2>

= 2exp (—2log(t/a)) (18)

()

Thus for any ¢ € [K] and ¢ > 0, with at least probability 1 — 2D ( %)2, we have

o foste), L st
' Nit

And thus we can derive



AT A AT _ R log(t/a
c:ri,t+B{7t+Bi —C /Lzzc;rrthrB”JrB T(rer 7%\([/ )e>
it

log(t log(t
=¢/ (m + 70%\([ /a) e) +Bf,—¢' <m + 70%\([ /a) e)
it it

log(t/a
(& -2 (ﬁi,t + 7%\(7/ )e> + Bf,
it

R [log(t/c)
Tl,t + Nz’,t e

log(t
- og(/a)e

)

19)

& —ellv,_, -

+ Bf;
-1
Vi

+ Bf;
Vi
(with probability at least 1 — )

it

where (a) holds by Cauchy-Schwarz inequality, (b) holds by Lemma 2. O

D.4 Uniform Confidence Bound for Estimators

Proposition 2. Let a = /129/(KD(D + 3)2), for all t € [1,T), with probability at least 1 — 9, we have following events
hold simultaneously:

EventA:{ui(d) — 7 (d)] <

t
Event B.'{IE Z U/@’I’Z"er;l:e (m,n) — Z (ngiﬂzT;TZ) (m,n) <wy|N;log <>,
LeTi t—1 LeTit—1 @

Vi € [K],Vm € [D],¥n € [m,D]}7

where T; + is the set of episodes that arm i is pulled within t steps.

Proof. Step-1 (Confidence analysis of Event A):
Forany i € [K],d € [D],t € (0,T), by Hoeffding’s Inequality (Lemma 17), we have the instantaneous failure probability of
Event B can be bounded as:

N log(t/a) —2N?, log(t/a)
P <"'i,t(d) — p(d)] > TN > < 2exp <Ni,t Zé\]:f(l - 0)2>

— 2exp (~2log(t/)) (20)
an 2
=2(3)
which yields the upper bound of P(B€) by union bound as
2log(t/a
P(ﬂ{zdt} orld) — ()] > ﬁ”)
2,1
T K D
< P |7:4(d d log(t/a) 21
<23 NS TP franld) - (@) > [2EEY @n
t=1 i=1 d=1 bt
T K D
a2 KDao?7?
<2 - < =
- ZZZ(t) (Eq.71) 3



Step-2 (Confidence analysis of Event B):

The proof follows similar lines as above. Note that for any ¢ € [K],t € (1,T],m € [1,D],n € [m, D], we have the
instantaneous failure probability of Event C can be bounded as

t
P(E E iy — E ( i T) f —
( [ wer 7[7‘7‘1] (m,n) werieT; e ) (M,n) > wy | Nyt log
LET; t—1 LETi t—1

1 w T log(t/c)
=P|E { s r;r] (m,n) — — (71‘1',[7'2- ) (m,n) >wy| ———=
( R P D o At N

2w> N7, log(t
< exp (—w) = (%) (by Lemma 17 and (

T
) =G g erLon ) € 0.0])

l[ri.ell3

Using union bound, we have P(C*) as

HD(CC) =P a{i’taman}7]E Z WeT; ZTZZ m ’I’L Z (’LU[”'»L [’1:[) (m n) >WVN thg (t>
LeT; t—1 LET; t—1
t
PlE | N L 22
( [ Z WeT; 0T [] m,n) Z (wgrl o 4) (m,n) > wy | N;log (a)) (22)
m LeTi e -1 LET; t—1

(a>2 < KD(D —1)a*n?
(Eq. 71)
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Step-3 (Union confidence on three Events):

129

Combining Eq. 21 and Eq. 22, and setting o = KD(D+3)72

, by union bound, we can have the overall failure probability
bound of three Events as

_ 71_2 7.‘_2
P(A° U BY) < P(AS) 4+ P(B°) = (KD(DH DL 4K1I2) ) (KD(11)2i 3)ﬁ2> = 9.

This concludes the proof of Proposition 2. O

D.5 Proof of Theorem 1 (Regret Analysis of Algorithm 1)

Proof. Based on the assumptions in Proposition 2, we next show that when Events of A, B, C in Proposition 2 hold (detailed
definitions of Events of A, B, C refer to Appendix D.4), the sub-linear regret of PUCB-HPM can be achieved. Please see the
detailed proof steps below.

Step-1 (Regret Analysis and Decomposition)
Let M be an arbitrary positive integer, we can express R(7") in a truncated form with respect to M as follows:

T T
R(T) = Zregrett <M+ Z regret,, (23)
t=1 t=M+1

where regret, denotes the instantaneous regret of PRUCB-HPM at step ¢ € [T'], and the last inequality holds since the fact that
the instantaneous regret is upper-bounded by 1 (by Assumption 4).

Next, we analyze the instantaneous regret over the truncated time horizon [M + 1, T|. Note that since event B holds, we have

log(t/a)

log(t/a) 24
N © -

P X Pt
l"‘a_a,t Ni,t

e, and p,, = Fo, 1 —

By the definition of regret and fact above, we can derive the upper-bound of expected instantaneous regret as follows:



regret, = ET,ua* — ET[,LM

AT o _
< & Pary+ By + Boey — CTl‘at
(a)

log(t log(t
< e Bl 4 By — T (Fags B D ) g, |08 2)
() ’ ’ ’ ’ Ni Ni

s

Ni

. 1 . log(t/c _ log(t/a
< & Puyt Bt B € <+ ostt/e) )e>+2||c|1 slt/e)
s 2,t

log(t log(t
—(-oT <'f;at,t+ (Me> + B, , + 2|l log(t/e)

Ni,t Nii
~ _ . log(t/o . B log(t/a
<& —¢lv,., - T+ L/)e + Bat’t + 2HC||1 L/)
(d) Ni,t vl N’i,t
t—1
: _ log(t/c)
< min (2B ,,1) +2|€ —1 7
5 ( ot ) +2|[elh N
regretf N———
regretf

where (a) followed by Lemma 3, (b) followed by Eq. 24, (c) holds by the definition of optimization policy for arm selection,
(d) holds by Cauchy-Schwarz inequality, (e) followed by Lemma 2 with the definition of B ,, and the fact that the instantaneous

ag,t?
regret is at most 1. Interestingly, the derived instantaneous regret above can also be interpreted as the sum of two components:

* regret’: Regret caused by the imprecise estimation of preference €.
* regrety : Regret caused by the imprecise estimation of expected reward of arms.

Plugging above results back to Eq. 23, we have

.
R(T)< M+ Z regret,
t=M+1

T
<M+ Z (regretf + regretf)

=M1 (25)
T T
. _ log(t/«
<M+ Z min (233”57 1) + Z 2||e|l1 %,
t=M+1 t=M+1 it
R?\1+1:T R?‘VI-%—I:T

which also yields two components of RS, ;.- and R}, ., denoting the accumulated truncated expected errors caused by
the imprecise estimations of preference and reward respectively. Next we analyze two components of RS, ., and R}, .-

separately. )
Step-2 (Upper-Bound over Rj, , ;.7)
Before analyzing RS, , 1.7, we first show three lemmas that will be utilized for proof:
Lemma 8. Let M = Lmin {t’ | taa + A >2Dw,/Ktlog i, vVt > t’}J,follow the assumptions outlined in Proposition 2, for
anyt > M + 1, and any pu € RP, we have
'V <2pTEV, 4]
Please see Appendix D.6 for the proof of Lemma 8.

Lemma 9. Follow the assumptions outlined in Proposition 2, then for any M > 0, we have

S L D Mylog (14 (T — M
> mln(||uat||mvt1]‘l’2\/§) zlog(g/g)( - )Og( +5 T - ))~

t=M+1




Please see Appendix D.8 for the proof of Lemma 9.
Lemma 10. Let assumptions follow those outlined in Proposition 2, then for any M > 0, we have

.
> 2\/K(TM) log (T>
t=M+1 Nay .t a

Please see Appendix D.7 for the proof of Lemma 10.
Since we assume the Event B always holds, for any ¢t > 1 and ¢ € [K], we have

log(t/«) log t/a log(t/a)
s —— ' ‘e — =2/ D———"—= = p;,.
Tit + Ni}t e Ni,t Pit
Consequently,
Fia+ Jlog(t/a)/Nive|  — iy, < |[#ie+/log(t/a) /Nise — i,
V. o t—1
< 2 l#ss + Jrog(t/a)/N
— |7 o « i€ — M,
= \f/\ it g 7,1 12 )
1
< \f/\m,t,
. 1
= ||Tit T+ log(t/a)/Ni,te - < ||HiHV;}1 + ﬁpi’t' (26)
Define M = Lmin {t/ | tgfl + A >2Dw, /Kt log V>t }J Please note that for aa > 0, we have
w (0] L . — .
lim; oo 2Dwy Ktlog VaKilg‘* = limy_, oo C14/ w = 0 since as t increase, +/log ¢t grows much slowly compared to V/t. Hence
i

for sufficiently large ¢/, the inequality to? | TA>2Dw, /Kt log ,Vt > t’ holds, which implies that such an M does indeed
exist. By Lemma 8, for any ¢t € [M + 1, T, we have

regrett = min

a,«,t’
raut + IOg(t/O{)/Nat t€

26, , i1
Vil
1
S 204 HﬂatHv;jl‘Fﬁpat,t o1
1
< min | 2 V2 a -1+ —= t/),1>
< (ﬂ( Ity -2 + b

27)

1 1
< 2V2 min( o _7>_|_2 —Dasts
5 Br 1, lpv, )1 532 ﬁTﬁp t
reggl) regf)

where (a) follows by Eq. 26, (b) follows by Lemma 8, (c) holds due to 5; > 1 and increasing with ¢. By applying Lemma 9 on

reggl) and Lemma 10 on reg§2), we have



1 2
RM+1T< Z reg()+ Z reg()

t=M+1 t=M+1
T
NG 257"
S2 25'1—' Z min ||/’l’af||IEV1 1= W Z Pay,t
t=M+1

t M+1 (28)

< 25T\/10g£/8) (T — M)log (1+ (T - M))

85T
f

DEK(T — M)log (T>

Step-3 (Upper-Bound over R}, +1r)
For the truncated regret component R}, , . caused by imprecise estimation of reward, we have

log(t/a : T

Ry =2 Z =B g]\(f/ <2 Z g () §4\/K(T—M)log<), (29)
t=M+1 (@) =Mt ant  (b) @

where (a) holds by the fact that ||€||; < 1, (b) follows by Lemma 10.

Step-4 (Deriving final regret)

Finally, we can derive the final regret R(T). Specifically, combining Eq. 28 and Eq. 29 gives

R(T) < M + Ry y1.0 + Riyprr

< 2,6’T\/D(T — M)log (1+ (T = M)

log(9/8)
+ 8#\6; DEK(T — M)log (10:) + 4\/K(T — M)log (2) +M

1+l 1+ wT
- O(DR\/leog2 (%/A) + 3{% wDKT log (W)

Summing above result over user set [V concludes the proof of Theorem 1. O

D.6 Proof of Lemma 8
Before the proof, we state two lemmas that will be utilized in the derivation as follows.
Lemma 11 (Eigenvalues of Sums of Hermitian Matrices (Fulton 2000), Eq.(11)). Let A and B are n x n Hermitian matrices
with eigenvalues a1 > as > ... > an and by > by > ... > b,. Let C = A+ B and the eigenvalues of C are ¢c1 > co > ... > ¢y,
then we have
Cn—i—j > Ap—i + bn_j,Vi,j € [O,’I’L - 1]~

Lemma 12 (Eigenvalue Bounds on Quadratic Forms). Assuming A € R™*"™ is symmetric, then for any x € R", the quadratic
Sform is bounded by the product of the minimum and maximum eigenvalues of A and the square of the norm of x:

max (Aa) [|2[3 > 2" Az > min (Aa) [|2[|3,
where X\ 4 is the eigenvalues of A.

Proof. The quadratic form 2" Az can be analyzed by decomposing A using its eigenvalues and eigenvectors. Since A is a
symmetric matrix, we can write it as:
A=QAQT,

where @ is an orthogonal matrix whose columns are the eigenvectors of A, and A is a diagonal matrix with the eigenvalues
Aa(7) on its diagonal. By substituting the eigen-decomposition of A, we have

' Az =z QAQ " .



Lety = Q' x, then we have

n

vl Az =y Ay = ZAA 7> min(Aa) Yo y(i) = min(Aa) [yl = min (Aa) )3

i=1

where (a) follows since ||y||3 = |Q " x||2 = ||x||3 as Q is orthogonal and preserves the norm. For max (A4) ||z||3,> = | Az,

the proof follows similarly and is therefore omitted.

Proof of Lemma 8. First, let’s recall the definitions of E[V;] and V', for ¢ € [1,T7:

T K
B[V =Y Elwra,erg, J+ M =Y E| > wmriml,| + A, (30)
/=1 =1 LeTi ¢
Ni t41
V= Z Z WeT; ¢T; o + AT
=1 £¢=1

where 7; ; denotes the set of episodes when arm ¢ was pulled.
Due to the assumption that event C holds, we have Vi € [K],

f t

-

Z WeTi 0T ¢ | — w Nm+1log< )ee < Z (weriery,)
LeTi ¢ LeT5 ¢

implying that for any € R”, we can get

x=x Vi

K
>zl Z Z IE U}[I“Ze’l”ld —wUN”Hlog( )eeT + M | x
i=1 \ €T, 3D
K t
=z (IE V] — Zw N; 141 log < >eeT> x.

Next we make a preliminary analysis over the norm-distances of |||/ (Z B . D .
eeT; 4 “{WeTi LT

Let w = w/maxie(x) i) ([|73,6]13), w = w/ minse(r rerr)([7i,613 ), we have

K K K
wiz Z E ['erIg] =< Z Z E [wgri7grze} = wTZ Z E [ri,grj,d

i=1 \4€Ti. i=1 \LET; i=1 \L€T;:

By the continuity of norm-distance, there must be a weight @ € (w*, w") such that

Z ( Z E ['LUZT’i,ETIg] ) z=x' 71)2 ( Z E [Ti,frz—’l,—z] ) T

=1 Eeﬂ,t =1 Zeﬂ,t

Substituting it in Eq. 31, we have

T (E[Vt] —iw Nii11log <t>eeT> x

t
wz > E[rier] ] + A - Zw Niiy1log (a>eeT x (32)

i=1L4€T;

K
= <w§:N2 141 llmlh =+ Zm) + M — Zw N; 141 1og (;) eT> x,

i=1



g 311 0
where the final line follows by the definition of outer product expectation, and X, ; = denotes the
2
. ) 0 UT,'L,D dxd
covariance matrix of reward.
Similarly, let p = arg min; ¢, wTuiujw and ¢ = argmax; k] wTuj u}—:c, we can obtain

K
T (tpppy )z <’ (Z Ni,tJrlNiN;‘r) r<z' (tp,p, )

i=1
By the continuity of norm-distance, result above implies that 3a € [0, 1], such that

K
T (Z Nivsrop] > z=a (thi"), (33)

i=1
where fi = ap, + (1 —a)p,.

Similarly, for ||z||2 K (Novsr o)’

K K K
&min (Z Ni,t+12r,i> el < =" (Z Ni,t-‘rlz'r‘,i) @ < Emax (Z Ni,t+12r,i> 3,

i=1 =1 i=1

since the covariance matrices Y. ;, Vi € [K] are diagonal, by Lemma 12, we have

where fmin(Zfil N; +¥,;) denotes the minimum eigenvalue of matrix Zfil N; t+1%5p;, while §max(zfi1 Nit415r:)
denotes the corresponding maximum one. We will also use £(-) to denote the eigenvalue calculator for a matrix
in the following part. By the continuity of nor-distance, result above implies that there exist a constant & €

[Emin(C e Niit1504), Emax (1) Niv+15r,4)], such that

K K
gmin <Z Ni,t+12r,i> ||'CE||2 < gt ‘mH2 = (Z Nz t+12r,1> T S Smax (Z Ni,t+12r,i) ||EE||§,
i=1 i=1
Note that Zf{ 1 Nit41%,; is diagonal, we have fmm(zi,l Nit418r,:) = mingep Zfil Nit410ri4 > tafi, and simi-
larly, fmax(zZ 1 Nit412r3) < to? 7+ Define 6 Ur = 5’ , we have 02 [U?L, JET] satisfying

K
t62 |lzll3 =" (Z lez,,,i) x. (34)
=1

By plugging above result back to Eq. 32, we have

K K

- t

X > CBT wZNZ',tJrl (I,Li/,LZT —+ Er,i) + \I — Zw N'L,t+1 log <a>ee—r xr
i=1 =1

E[V]

(35)
= wtips + wta, +A) I wq[Nit41lo ( )eeT x
ok ( ap' + (ats7, z; \/ Nit1log
t
sz(wtuu +(wtart+/\)I w“Ktlog( )eeT>:c
(b) \7—/ —_—

t B,
Cy

where (a) holds by Eq. 33 and Eq. 34, (b) holds since the squared root term is maximized when N; ;41 = t/K,Vi € [K]. Note

that By is diagonal matrix, and —C is rank-1 matrix yields one eigenvalue of —w,/Ktlog (£)|le||3 = —Dw,/Ktlog (%)
and D — 1 eigenvalues of 0, we have

t
bmin(By — Cy) = wt6%, + A\ — Dwy | Ktlog (>
’ «



Since t > M, we can trivially derive ﬁ)t&fi +A> toZJ/ + A >2Dw,/Ktlog % dueto® > 1and 62 > gfi, implying that

the minimum eigenvalue &, (B — C;) > 0 and the matrix By — C is a positive semi-definite matrix, and thus A; + B; — C
is positive-definite. Also note that A; + B; — C; is symmetric, by Lemma 12, we can derive that

€min (Ar + B, — Cy) |z[3 < (&) (A + B, — Cy) (z) < x
X (36)

2
= ||T S )
(a) H ||2 gmin (At + Bt - Ct)

where &nin (A¢ + B, — C}) is the minimum eigenvalue of A; + B; — C}, and the implication (a) holds since
Emin (A¢ + By — C}) > 0 due to the positive-definite of A; + B; — C.
Note that A; and —C are rank-1 matrices and B, is diagonal matrix, we can trivially derive that:

* A; + By has one eigenvalue of wt(||z]|3 4+ 67,) + A and D — 1 eigenvalues of w57, + A.
+ —C has one eigenvalue of —w4/Ktlog (L)|le[|3 = —Dwy/Ktlog (L) and D — 1 eigenvalues of 0.
Since A; + B; and —C; are both symmetric, by applying Lemma 11, we have
Emin (At + Bt - Ct) Z Emin (At + Bt) + gmin (_Ct)

4
= zbtc}f_’t +A—Duw Ktlog< >

(67

Plugging above result back into Eq. 36, we have

X X
2l < a5 e < |
min (At t t q[,t&%t+)\—Dw Ktlog( )

i3
a

(37)

Again, since ¢t > M holds, the denominator of the final term is strictly positive. Combining above result with Eq. 35 and
rearranging the terms, for ¢t > M, we can obtain

:BTE[Vt]w =z (At + Bt)w
<x+ x' Cix
(S) X + fmax (Ct) ||$||§

xDwy/ Ktlog (é)

< x+ (38)
(®) wt62, + A — Dwy/Ktlog (L)

_ X

=X+ Wte, +X 1

Dw‘/Ktlog(i)
< 2x = z! (2Vt)a:,
(e)

where (a) follows from Lemma 12, (b) holds since Eq. 36 and &,ax (Ct) = —&min (—Ct) = Dwy/ Ktlog (i), (c) holds

since H)t&%t 4+ A>2Dw,/Ktlog (ﬁ) fort > M.

Since for ¢ > M, the above result z TE[V ]z < = (2Vt)a: holds for all z € R, we have 2V, — E[V/] is positive definite,
and thus we can trivially derive that for for ¢ > M,

- 1
z E[V, 'z >z (2V,) 'z = Q:BTVt_lm.

Therefore, we complete the proof of Lemma 8. O



D.7 Proof of Lemma 10
Proof of Lemma 10.

T K Ni,r
log (£) T ’ 1
t_%: Nuwt |8 <a> 2 n
=M+1 =1 n=N; py1
iNiiM l
=1 n:Niyl n
T-M

< 4/log Z Z % (39)

= 2\/Klog (Z) (T — M).

Specifically, in step (a), we breakdown the totally truncated horizon by the episodes that each individual arm i € [K] was

pulled, and replace ¢ with upper-bound 7" in the original numerator. Step (b) trivially holds since 11— < 1 is strictly true

Nitym — N
for all ¢ € [K]. Step (c) follows from the fact that the entire sum is maximized when all arms are pulled an equal number of
times. (d) holds since the fact that 2\/n —2 < >, % < 24/n. O

D.8 Proof of Lemma 9
To derive the upper-bound of term Z; M1 Min (H P ey, -1 #), we follow the similar techniques for analyzing
the sum of instantaneous regret in OFUL (Abbasi-Yadkori, Pél, and Szepesvari 2011). Specifically, we first show that the

2
sum of squared terms min <|| Fo gy, -1 ﬁ) is optimal up to O(logT), and then extend the result to the sum of
min (||;4at e, -1 ﬁ) using Cauchy-Schwarz inequality.
We begin with stating the following lemmas for proof.

Lemma 13. For any action sequence of ay, ...,ar and any M € [0, 1], we have
T

det (Er.q,) T -1
det (E[V7]) > det (E[V 14— E[V:_ .
et(lVel) > den(m(Var) [T (14 gl + HLEVed
t=M+1
Please see Appendix D.8 for the detailed proof of Lemma 13.
Lemma 14. For any action sequence of a1, ..., ar, any weight wy = W, then for any M € [1,T), we have

ag,tll2

det (E[V 7]) w

e ) < Dlog (14 (T = M)

& (det(E[VM]) < Dlog (1+ 13! )

Please see Appendix D.8 for the detailed proof of Lemma 14.
Proof of Lemma9. Step-1: We first show that the sum of squared terms is optimal up to O(log(T' — M)). Specifically,

T 1 2
Z min <||l"’at||IE[Vt1]l72\/§)

t=M+1

1
min (N;E[Vt]_lﬂat7 8)

(40)
St o (1 min (LB VI 0, )

T
1 T ~1
< Z ng (1+ 10, B[V g, )



where (b) holds since the fact that log(1 + z) > 8log (2) z for z < 1.
On the other hand, Lemma 13 implies that

det (E| det (%, 4,) 1
1 —_— 1 + E .
o8 (det( ) Z Og( det (E[V,_1)) + g, E[Vi1] " g, (41)
t=M+1
Additionally, since det (3,4, /E[V;_1]) > 0 and ||;|13 < ||;]|3 < D, Vi € [K], by Lemma 14, we have
det (E[V 7)) - S
D1 1 T-M log | ——=——5—5 ] > E log (1 E .
og( + )\( )) o8 <det (EVM])) — t=M+1 Og( + e EV uat) @

Plugging the above result back into Eq. 40, we can derive a bound up to O(log(T — M)) on the sum of squared instantaneous
regrets as:

il 2
1 D w
. : W,
t:NEI—Hmm ( Ba, BV~ p,, s 2\/5) < $Tog(9/8) log (1 + )\(T M)) _ (43)

Step-2: Given the upper-bound on the sum of squared instantaneous regrets , we next extend it to the sum of instantaneous
regrets by using Cauchy-Schwarz inequality. Specifically,

T T

1 . 1 \2
Z min ( “utE[Vt] 1“(11,7 T\/i) <4\ (T =M) Z E— ( ‘u’at]E[Vt] 1tu’at’ ﬁ)
t=M+1 t=M+1 (44)
< —L2 1 M)og (1+ %@ ).
— \/ 8log(9/8) A
Therefore we complete the proof of Lemma 9. O

Proof of Lemma 13 We begin with a lemma that will be utilized in the derivations of Lemma 13:

Lemma 15 (Determinant of Symmetric PSD Matrices Sum). Let A € R"*"™ be a symmetric and positive definite matrix, and
B € R"*™ be a symmetric and positive (semi-) definite matrix. Then we have

det (A + B) > det(A) + det (B)
Proof.
det (A + B) = det (A) det (I + A*%BA*%) . 45)

Let Ay, ..., A, be the eigenvalues of A 2BA "% Since A 2BA 7 is positive (semi-) definite, we have \; > 0, Vi € [n],
which implies

det (I + A—%BA—%) = ﬁ(l FAN) > 14 f[ \; = det(I) + det (A—%BA—%) . (46)
Combining Eq.45 with Eq. 46 concludes the Il;cl)of. . .
Proof of Lemma 13. For V' and E[V ], by definition and w; > 1,
Vi=Vii+wre,r,,, and Vo=
E[Vi =E[Vio1 +wira, e, ) = BV + 7o, ] = E[Vio1] + B, iy, + Sra,-
Since E[V] is symmetric and positive definite, we have
det (E[V]) > det (E[Vt_l] + g B, + zw)
— det (E[VH]% (I +E[V,4] 2 (uatu,l + Ew) E[Vi-1]” %) E[Vt—llé)
= det (E[V;_1]) det (I FE[V,_1]"2 (uatu; + zm,) Vi *%) “n

2 det(B[Vi-i)) (det (I +E[Vi1] B, pl B[V ]2 ) + det (E[Vt,l]’%Er,atIE[Vt,l]’%))



where (a) holds since (I +E[V,_4] 2 Ba, o E[Vi_1]™ %> and (]E[Vt,l] “3%, .., B[V, %) are positive definite and
applying Lemma 15 yields the result.
Let E[Vt_l]_%uat = v, and we observe that

(I+vtv:) vV = V¢ + Uy (v;rvt) = (1 +'U;rv) Vy.

Hence, 1 + v/ v is an eigenvalue of T + v;v,'. And since v;v, is a rank-1 matrix, all other eigenvalue of I + v,v, equal to

1, implying

det (T +E[V1] F a0 B[V, 1] 7F) = det (I + vy0])

=1 + 'utvtT
) T ) (48)
=1+ (BVea] bay,) (BIVea] bay,)
=14 pg E[Vi1] " g,
Combining Eq. 47 and Eq. 48, we have
det B[V y11]) = det (B[V 1)) (1+ pl EIV 1] pag, + det (EIV 1] 5,0, BV, ] )
The solution of Lemma 13 follows from induction. O

Proof of Lemma 14

Proof. For the proof of this lemma, we follow the main idea of Determinant-Trace Inequality in OFUL (Abbasi-Yadkori, Pal,
and Szepesvari 2011) (Lemma 10). Specifically, by the definition of V', we have

.
o (det (E[V 1)) ) g (det <E[VM] + 0 a1 Blwgra, orl ] ))

T T

L Ewira, r]
< log (det (1 + R, [;U;r al fi})) (49)
(a)

-
1
= log <det <1 + By Z E[that,tT;rt,t]>> )
t=M+1

where (a) holds since det(E[V 5s]) > det(E[Vo]) = AL. Let &, ..., &p denote the eigenvalues of Z;MH Elwira, +7,, 4]
and note:

)
I

D T
, Trace< Z E[wtramtrrl,to

t=M+1

-
= E E [Trace (w;q, tTI, ]
t=M-+1
T

(50)
— E {Trace <||7“ 2 atytr;7t>:|
. 1 a,t

. {wnmt,fHQ]
1

|Irat»

|
I I
g
aM%%

- M).
Combining Eq. 49 and Eq. 50 implies



where (a) follows from the inequality of arithmetic and geometric means, and (b) follows from Eq. 50. [

E Analyses for Section 5
E.1 Proof of Theorem 2 (Unknown Preference Case: Regret Analysis of Algorithm 2)

The presented Theorem 2 establishes the upper bound of regret R(7T") for PRUCB-HP under unknown preference environment.
For the convenience of the reader, we re-state some notations that will be used in the following before going to proof. Here we first
focus on the user-specific regret R™(T"). For notational simplicity, we fix a user n and omit the user index n as superscript. Let a}
be the dynamic oracle at time step ¢, A; ; = Hor — Mg € RP .Vt € [1,T] be the gap of expected rewards between suboptimal
arm ¢ and best arm a; at time step ¢. Define 7; = {t € [T|i € A, aj # i} be the set of episodes when arm 7 being located in
A, and serving as a suboptimal arm over 7. Let 771'¢ = minge7 {€, A;} and 7714T = minge7; {€ A, +} refer to the lower bound

and upper bound of the expected gap of overall-rewards between ¢ and a; over T HAI”Q = Max( jyeTix A, /i i — B 4ll2
denotes the largest Euclidean distance between the expected rewards of arm ¢ and other arms over 7;.

Proof Sketch of Theorem 2 We analyze the expected number of times in 7" that one suboptimal arm ¢ # a; is played, denoted
by N, 7. Since regret performance is affected by both reward and preference estimates, we introduce a hyperparameter € to
quantify the accuracy of the empirical estimation ¢&;.

The key idea is that by using e to measure the closeness of the preference estimation ¢; to the true expected vector ¢, the event
of pulling a suboptimal arm can be decomposed into two disjoint sets based on whether ¢; is sufficiently accurate, as determined
by €. And the parameter e can be tuned to optimize the final regret. This decomposition allows us to address the problem of joint
impact from the preference and reward estimate errors, analyzing the undesirable behaviors of leaner caused by estimation errors
of reward 7 and preference ¢ independently.

For suboptimal pulls induced by error of #, we show that the pseudo episode set M, where the suboptimal arm ¢ is considered
suboptimal under the preference estimate align with the true suboptimal episode set /V; r, and the best arm within M; is
consistently identified as better than arm ¢. Using this insight, we show that this case can be transferred to a new preference
known instance with a narrower overall-reward gap w.r.t e.

For suboptimal pulls due to error of &, we first relax the suboptimal event set to an overall-reward estimation error set,
eliminating the joint dependency on reward and preference from action a;. Then we develop a tailored-made error bound (Lemma
16) on preference estimation, which transfers the original error set to a uniform imprecise estimation set on preference, such that
a tractable formulation of the estimation deviation can be constructed.

Proof of Theorem 2 We begin with a more general upper bound (Proposition 3) for the learner’s behavior using a policy that
optimizes the inner product between the reward upper confidence bound (UCB) of arms and an arbitrary dynamic vector b;. It
demonstrates that after a sufficiently large number of samples (on the order of O(log T')) for each arm i, for the episodes where
the inner product of its rewards expectations with b; is not highest, the expected number of times arm ¢ is pulled can be well
controlled by a constant. The proof of Proposition 3 is provided in Appendix E.1.

Proposition 3. Let b, € RP be an arbitrary bounded vector at time step t with ||b;||; < M, define M; := {t € T; | i #
argmax;e 4, b:uj}, Vi € |K]. For the policy of a; = argmax ® (b, ;¢ + %e),]‘or any arm i € [K], any subset
M C M;, we have '

AM?log (L) |Bf|n%a?

A Z ]l{at:i} < L2 + 3 ’
teM? ¢




where L; = minteMg{maxjeAt\i{b:(uj — )t} B = {[bi1(d), ba(d), ..., br(d)] # 0,Yd € [D]} is the collection set of
non-zero [b(d)|" sequence.

Proof of Theorem 2. Here we focus on the user-specific regret R™(T"). For notational simplicity, we fix a user n and omit the
user index n as superscript. Let V; 7 = ZtT:l L{4,=i#az}- be the number of pulls of each arm i when it serves as a suboptimal

arm within horizon 7T'. We first analyze Ni,T and then extend to the final regret R(7T'). The proof consists of several steps.
Step-1 (IV; 7 Decomposition with Parameter ¢):

For any i € Ay,i # af, at any time step ¢ € [T], with a hyper-parameter 0 < € < nf introduced, we can formulate the the
number of times the suboptimal arm ¢ is played as follows:

Niz = Zﬂ{at mitar) = D Vo, mitar o7 pos >eT mitnt—e + D Varmiar 67 poy <67 pnt—)
t=1 teT: teT; (5D

Subopttmal pulls caused by imprecise Suboptimal pulls caused by imprecise

Nir NzaT'

reward estimation preference estimation

The technical idea behind is that by introducing e to measure the closeness of the preference estimate ¢, to the true expected
vector ¢, we can decouple the undesirable behaviors caused by either reward estimation error or preference estimation error. Let
N, TT and NfT denote the times of suboptimal pulling induced by imprecise reward estimation and preference estimation (shown
in Eq 51). We use E, and P, to denote the probability distribution and expectation under parameter €. Next, we will study these
two terms separately.

Step-2 (Bounding N7 ):

Define M; as the set of episodes that arm ¢ achieves suboptimal expected overall-reward under preference estimation ¢, i.e.,
M= {t € T; | i # argmax; 4, é:uj}. By the definition of event N, we have &l Aiy > nf —e > 0holds forall t € T;,
which implies that a; still yields a better overall reward than ¢ given the estimated preference coefficient ¢; over 7;. Thus the
suboptimal pulling of arm ¢ is attributed to the imprecise rewards estimations of arms. Additionally, we have M; = 7; since arm
i is at least worse than a; under the preference estimation ¢; for all episode ¢ € 7;. Hence for N we have

NZ:T = Z ]l{at:i,é:Ai,t>nf*6} = Z ]l{at i,E, FA; t>777 —e} (52)
teT; teM;
Moreover, recall that PRUCB-APM also leverages &, for optimistic arm selection, i.e., a; = argmax f(&;,#;; +
%e), by Proposition 3, we have
46%log (L) |Cf 7202
Z ]l{a,—z el A t>71 —e}] <E [ Z 1{at_i}‘| < .2 + 3 : (53)
teM; tEM; g

Additionally, since é;rAi,t > 7714L — € > 0 holds for all ¢t € T;, it implies that

L;, = > AZ >y —
Eéljﬁﬁ{fenj“{ (& (n; — 1i)}} i & Ay ny — e

Combining above results, and by |C;§ | < D, we have the expectation of N, f’ — in Eq. 51 can be upper-bounded as follows:

<7 462 log(T /) 2o’

r —

EE[ T] = E. LE; ﬂ{at_i’émipnje}] < oo +D——. (54)
€/ )

Step-3 (Bounding N, T)
We begin with statmg one tailored-made preference estimation error bound which will be utilized in our derivation.

Lemma 16. For any non-zero vectors A, ¢ € R* and all € € R, if E'A > ¢ then for any vector ¢’ s.t, A= €, we have

7T _
e—c|s > &
1All2

Please see Appendix E.1 for the proof of Lemma 16
Firstly we relax the instantaneous event set of IV CT in Eq. 51 into a pure estimation error case as:

{at =1 # a’t“,é;rua; < é;r,ui + nj — e} C {é:ua; < é;—ui Jrvyii — e} = {é:Aiyt < nj — e} . (55)



Then, according to Lemma 16 above, we can transfer the original overall-reward gap estimation error to the preference
estimation error. More specifically, since ETAM > 7714L — € always holds, for any ¢ € 7;, by applying Lemma 16, we have

=T 1
A ANy — (07 —
{é: it < T)ii — 6} cllle—ellz> c t—( —¢)
(A ell2

€
C c—2¢ > 5.
{” el ||Ai,t||2}

- ]Pe (at:l#arvé;r:u“: Sé;ul—’—ni_e) S]P)G (HC ct||2— HA t||2> (57)
For the RHS term in Eq. (57), we have

D 2
P.(|c—¢ =P, 2 = 67
(1l > 55 ) (Z . Ai,tn%)

d=1

€
<SP (feld) - ei(d)] = =
@ ; < ' \/BAMHQ)

where (a) holds by the union bound and the fact that there must be at least one objective d € [D] satisfying (€(d) — ¢:(d))” >
e — =, otherwise the event would fail. Note that for all ¢ € (0,7, ¢; follows same the distribution, and the deviation is

f% HA ¢ll3
exactly the radius of the preference confidence ellipse, thus we can use a tail bound for the confidence interval on empirical
mean of i.i.d. sequence. Applying the the Hoeffding’s inequality (Lemma 17), the probability for each objective d € [D] can be

upper-bounded as follows:

P, { [e(d) — é(d)] > ——F <2 2687 2 ( 2 t) (59)
e | |C —cC > — | < 2exp | — =2exp| =5 |-
t VD[ A2 DAl S, 82 DJIA;/|35?

Plugging above result back to Eq. 58 and combining with Eq. 57, we can obtain the upper-bound for the expectation of NET
in Eq. 51 as follows:

(56)

(58)

2

Z ]l{at:héa*’&t,T#a* <&l pwitmni—e}
t=1

E [N&r| =E

:ZPC (at:i#a*,éjua* Séjﬂﬂﬂh—ﬁ)

(60)

L 2¢2
<2D exp | ———t
2 ( D|A¢TII§52>

<

a 2 )

@) exp (DHAHW)
D2||AT”252

= )
62

(by €” >z + 1,Vx > 0)

where (a) holds since for any a > 0, we have

T-1

S = e ) s e ()

t=1 t=

<
~
Il

=

—a . ©61)




Step-4 (Final R(T") Derivation and Optimization over ¢): - -
Combining Eq.51 with the corresponding upper-bounds of E, [N7 | (Eq.54) and E. [N ] (Eq.60), we can get

5 482 loe(T 202 D2|AT)252
E[NzT]S J Og( /Oé)+D7TO[ + || 1”26 )

T w8 @ “

Note that for any ¢ # a;, the parameter € € (0, 77%) can be optimally selected so as to minimize the RHS of Eq. 62. For
simplicity, taking e = 37} yields

16621og (L)  Dr2a?  4D?||AT|262
g(a)+ n 14,13 .

2 2
nr 3 n

E[N;r] <

Multiplying the results above by the expected overall-reward gap nf for all suboptimal arms ¢ # a; and summing them up
over the all IV users, we can derive the regret of PRUCB-HP in Theorem 2. O

Proof of Proposition 3

Proof. Define a; = argmax ¢ 4, bjuj,Vt € (0,7, for any 8 € (0,T], we have

Z Tio,=y < Z Lia,=i N <8y T Z Lia,=i, N >8)

teM? teM? teM?
(63)
<B+ Z Lo, =ia; N >5)-
te[T]
where the first term refers to the event of insufficient sampling (quantified by ) of arm i. , then for the event of second term,
we have .
{ag =i # ay, Nig > B}
N log(t
C {bfri,t > b, p;+be %,Nm > B}
it
A,
. log(t
U{b;r'l"a:7t<b;r[.l/&z< —b:e Og‘Ngm,Ni,t>ﬁ} (64)
art

o log(t log(
u{A;,Bg,bei,t+bZe %Zb:f'a“er:e OgN(M),Ni,pﬁ}.
) dz*,t

Specifically, A, and B, denote the events where the constructed upper confidence bounds (UCBs) for arm ¢ or the optimal arm
a fail to accurately bound their true expected rewards, indicating imprecise rewards estimation. Meanwhile, I, represents the
event where the UCBs for both arms effectively bound their expected rewards, yet the UCB of arm ¢ still exceeds that of the arm
af though it yields the maximum value of b: Mg leading to pulling of arm ¢. According to (Auer, Cesa-Bianchi, and Fischer
2002), at least one of these events must occur for an pulling of arm ¢ to happen at time step ¢.

For event I';, the flg and Bg imply

log(t log(t
b 1, + b, e w > b7 and b #ar. > b pg. — b e #7
it af,t
indicating
log(t log(t log(t
b p; +2b/ e M > b, P +b, e &./ta) > b/ Pap.t b e %*/ta) > by pa;

log(t
log(t/a) > b pa: — b/ ;-

= 2b:e N :
it :



Combining above result and relaxing the first and second union sets in Eq. 64 gives:
{ar =i # a;, Niy > B}

log(t log(t
c{b%,nbhﬁbk Ogj\(IM)}U{th%a;,t<th 2 —ble OgNW)}
it as.t

log(t/a
y {bma; - ) < 2l [PELY, B}

C{ y {bt(d)ﬁ,t(d) > by(d)p;(d) + by (d) logjét/o‘)}}
deD}; »

(65)

At

U { U {bt(d)f”a;,t(d) < bt(d)ufli‘ (d) — be(d) b;g\f(i/ta)}}

deDt

By

. log(t/o
U {b:(ﬂa; — i) < 2|elr 7%\([/ )aNi,t > B,b[ Ay > 1 — 6}7
2,t

It

where DF. := {d|[b1,bo, ...,br](d) € B} }, and Bf. := {[b1(d), b2(d), ...,br(d)] # 0,Vd € [D]} is the collection set of
non-zero [b(d)] " sequence.
Then on event Ay, by applying Hoeffding’s Inequality (Lemma 17), for any d € [D], we have

P (bt(d)fn,,t(d) > by(d)p,(d) + by(d) bgﬁ@) =P (fn,»,t(d) - wi(d) > log]ét/to‘)>
. —2Ni2,t log(t/a) (66)
= o (Ni,t S (1 - O)2>
=exp (—2log(t/a)) = (%)2 )
which yields the upper bound of P(A;) as
P(A)< 3B (bxdm,t(d) > bu(d)a;(d) + bu(d) 1%@“‘”) <1571 (%), (67)
deD}; o
and similarly,
P(B)< > P (bt(d)f«a;,t(d) < bi(d)pg; (d) = bi(d) b]gv(t/a)) < |B7| (%)2 : (68)
dED; ay,t

Next we investigate the event I'; := {b:Ai < 2||bs 1 IO%\(,%, Ny > B}. Let B = %. Since N, ; > [ and

recall that b, (Ba; — K;) = Li, we have,

2/[be I % < 2||bt||1” log(;/a) < 2M\/ log(g/a) =L; < th(Na; — 1), (69)

implying that the event I'; has P-probability 0. By combining Eq. 63 with Eq. 64, 67 and 68, the expectation of LHS term in
Eq. 51 can be upper-bounded as follows:



E Z 1{(lt=i} <E

T
> ]l{at=i¢az}]

teEM? t=1
4M log(T'/a) 2 —2 (70)
< L2 + |B} | tz:l t
4M7 log(T/ @) |B+|7r a2
(a) L} 3
where (a) holds by the convergence of sum of reciprocals of squares that
o 2
Yrr=T 1)
6
t=1
This concludes the proof. O

Proof of Lemma 16
Proof of Lemma 16. Let ¢, be the set of solution such that 2 " A = €, ¢_r o be the solution set of £ A =" A, i.e.,
g ={z|z"A=¢}
pera={z |z A=C A},

where ¢, and ¢z o can be viewed as two hyperplanes share the same normal vector of A. Let €4, be the projection of vector
€ on hyperplane ¢.. Apparently, (¢4, — €) L ¢., and thus we have

6, el = S -

¢ — Cll2 = A0 T )
[Allz [|A]2

which is also the distance between the parallel hyperplanes ¢. and ¢57 A. By the principle of distance between points on

parallel hyperplanes, we have for any é € ¢, the distance between ¢ and ¢ is always greater than or equal to the shortest distance
between the hyperplanes ¢, and ¢z A, i.€.,

(72)

=T
c' A —c¢

e —gllz > |[eg. —€ll2 = — (73)
¢ [A]2

O

E.2 Known Preference as A Special Case

Algorithm 3: Preference UCB with Known Preference

Parameters: a.
Initialization: N; ; < 0; #; 1 < [0]7, Vi€ [K].
fort=1,---,T do
Receive user preference expectation c;
ét — C¢
Perform one step of PRUCB-UP.
end for

In this section, we use a simple variant of Algorithm 2 to solve PAMO-MAB with known preference case and show the regret
upper-bound.

Specifically, the known preference environment can be viewed as a special case of unknown preference environment, where
the preference estimation ¢ is exactly the user’s preference expectation ¢ provided before hand. Hence, we can simply replace
the estimation value é; in Algorithm 2 with € we obtained in advance. We present this variant in Algorithm 3.

Define G; = argmaxy¢ 4, ¢/ py, and T; = {t € [T] | a; # i} be the set of episodes when ¢ serving as a suboptimal arm

conditioned on the given preference c; over 1" horizon. Let Al t = g, — RD vt e [1, T] be the gap of expected rewards

between arm ¢ and best ¢; conditioned arm a; at time step ¢, 77@ = minser; {ct ity and 7] = maX¢eT; {ct A, .} refer to the
lower and upper bounds of the expected overall-reward gap between ¢ and a; over 1" when ¢ serving as a suboptimal arm. For
preference known case with Algorithm 3, the following corollary of Theorem 2 characterizes the performance.



Corollary 1. Assume ¢ is given before decision making, Algorithm 3 has

i
R(T) = O( Z (52# + Dw2a2nj)>

i#a* 7;
Proof. The proof follows the same path of Theorem 2 but with some slight modifications. Let N@T denotes the number of times
that arm i is played as a ¢; conditioned suboptimal arm, i.e., Nir = >, L(a,=iza,}-
Then we can apply Proposition 3 on Ni,T for analysis. Specifically, by directly substituting b; with ¢;, the policy of a; aligns
with that of Algorithm 3, and it is easy to verify that M; = T;, L; = nf. And thus by Proposition 3, we have

=E [Z Tfa,=

teT;

46%log (£)  Dr%a?
0t 3

Thus we have

R(T) = 3 maxEBle/ (r; = 7a,)] < Z Efmaxe/ (ri—ro)]= > > E (1 amizayed Ai

te[T] te[T] i€[K] teT;
45 log Dr%a?
< ¥ BNl < 3 of(TlglE) 4 DT
77
i€[K] i€[K]

F Supplemental Lemmas

Lemma 17 (Hoeffding’s inequality for general bounded random variables (Vershynin 2018) (Theorem 2.2.6)). Given independent
random variables { X1, ..., X, } where a; < X; < b; almost surely (with probability 1) we have:

1 & 1 & —92¢2m2
Pl=—) Xi——) EXi>¢]< — s | -
(g Sz ) <o (o on)

Lemma 18 (Tower). If H C G is a o-field, then E[E[X | G] | H] = E[X | H]. In particular E[E[X | G]] = E[X].
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