
Zero-Violation Regret for Cooperative Markov Games
with Coupled Instantaneous Hard Constraints

Jialei Liu Ming Shi
University at Buffalo

{jialeili,mshi24}@buffalo.edu

Abstract

Learning in cooperative multi-agent systems must preserve safety constraints that
couple agents’ actions. We study episodic cooperative Markov games with un-
known rewards, transitions, and instantaneous constraint functions, where agents
execute actions using local observations and a prescribed communication graph.
Our algorithm, SAFE-CMG-UCB, composes known and learned local safety cer-
tificates and optimizes an optimistic value estimate while retaining a known safe
fallback. We prove high-probability zero violation and a regret bound separating
estimation error from episodes with uncertified optimal actions. Sublinear regret
follows under exact implementable planning, a positive margin for initially uncer-
tified tuples of nonfallback comparator actions, and coverage by safely obtained
observations. Local certification reuses information across joint actions, and a
constructive distributed protocol quantifies computation, state acquisition, and
routed communication. Bounded width of the complete planning graph permits
efficient action optimization, but insufficient communication can reduce optimal
safe value even at width one. Synthetic experiments examine these benefits and the
limitations imposed by uninformative safety feedback and dense coupling.

1 Introduction

Robots sharing a workspace and transmitters sharing a channel must coordinate their actions to avoid
collisions or excessive interference [1, 2]. Reinforcement learning (RL) can improve their decisions
from interaction [3], but collecting data must also be safe. An expected cumulative-cost budget can
permit an unsafe step even when the total cost satisfies the budget in expectation. This distinction
matters when a single collision or interference event causes harm. We study instantaneous hard
constraints, which require every executed joint action to satisfy every constraint throughout learning.
The objective is high-probability safety and return approaching that of the best admissible safe policy.

Coupled constraints make both learning and execution difficult. Two robot motions that are safe in
isolation can collide when executed together. Likewise, several individually permissible transmissions
can jointly exceed a receiver’s interference limit. Certifying each agent’s action independently is
therefore insufficient. An agent may also participate in several constraints, and its action must satisfy
all of them simultaneously. Which joint actions can be certified from safely collected observations,
and how can agents agree on one before execution? Answering these questions requires both
informative safety observations and enough communication to coordinate the agents’ actions.

We study this problem in a cooperative Markov game with unknown reward, transition, and constraint
models. Each constraint depends on the states and actions of a known group of agents. Training
estimates the models centrally, and execution uses local states and messages exchange over a
communication graph. Agents coordinate before acting simultaneously. The comparator is the
optimal safe protocol under the same communication restrictions.
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(a) Reusing local safety certificates
a1 +a2 ≤ 1, a2 +a3 ≤ 1

Known safe joint actions

1 0 0 0 0 1

1 0 1

Untried joint action (1,0,1) is certified

(b) Communication limits safe value

Only agent 1 observes the fair bit X

1 2 3 41

three communication hops

Safety requires a1 = a2 = a3 = a4

V ⋆
R =

{
1/2, R< 3,
1, R ≥ 3.

Figure 1: Two structural effects. (a) At a fixed state, known safe actions (1, 0, 0) and (0, 0, 1) certify
the highlighted pairs. Combining these certificates gives (1, 0, 1) without executing it. (b) On the
four-agent path, safety requires equal actions and the reward is 1{a1 = X}. With R communication
rounds, the optimal safe reward V ⋆

R increases when X can reach agent 4 (Proposition H.1).

Figure 1 reveals why training and communication are not interchangeable. Local certificates can
establish an untried joint action’s safety from previously collected evidence. Yet even with known
models, agents cannot use observations that have not reached them before execution. Conversely,
communication alone cannot resolve safety uncertainty left unidentified by the available data. The
resulting design question is which safe observations and messages are sufficient to improve team
performance without an unsafe trial. Answering it requires separate guarantees for learning which
actions are safe and coordinating their execution. It also motivates jointly choosing safe measurements
and communication schedules, beyond the fixed-resource conditions analyzed here.

Single-agent instantaneous-safe RL provides the statistical starting point [4–6]. The common reward
and joint dynamics also admit a centralized MDP over joint actions. Factored MDP methods already
exploit local structure and recover consistent actions through message passing [7, 8]. An unstructured
joint-action table estimates repeated local configurations separately, while a full-state optimizer may
use information unavailable to local agents. Local immediate rewards and constraints also do not
guarantee efficient planning because future-value terms and exploration bonuses can enlarge the
action scopes. Even a factor involving one action may require a distant agent’s observation. Statistical
complexity, planning complexity, and communication cost therefore require separate bounds.

SAFE-CMG-UCB combines local safety certificates with optimistic planning. A local tuple is
admitted when either initial knowledge certifies it or a statistical upper bound establishes its safety.
The same certificate can then be reused in every compatible joint action. The planner combines these
certificates across overlapping scopes, retaining one shared action variable per agent, and selects
an action using optimistic reward and transition estimates [9–11]. A known protocol safe at every
modeled state remains available as a whole fallback, ensuring safe continuation after every action. A
separate extension certifies continuation when the fallback is available only on a restricted domain.

Our first result establishes high-probability zero violation and a regret bound that separates reward
and transition estimation from failure to certify optimal actions. Sublinear regret follows under exact
communication-compatible planning, a positive margin for initially uncertified tuples of nonfallback
comparator actions, and safely acquired observations that reduce uncertainty in the relevant constraint
directions. To show why this information condition is essential, we construct two models that give
identical observations under the fallback but disagree on whether a better action is safe. A learner
that must remain safe in both models can then suffer linear regret. Thus a known safe policy need not
provide the observations required to learn a better one.

Our structural results explain when coordination improves safe learning. We characterize the joint
actions certified by combining local parts of known safe actions and bound tabular certification
failures by local configuration counts. One example changes linear regret to constant regret when the
specified learner reuses these local certificates. A second example has treewidth one, yet insufficient
communication prevents the team from attaining the full-state optimum. We then construct a junction-
tree protocol that enforces one consistent action across overlapping scopes, including state acquisition
and physical message routing. We bound communication rounds and the regret cost of finite-precision
score messages. Finally, team regret bounds feasible unilateral-improvement gaps, clarifying the
relation to constrained equilibrium objectives.
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Synthetic experiments complement the theory (Appendix K). On fixed-width chains with rewards nor-
malized by team size, regret varies little across the tested agent counts, with no observed violations.

2 Related Work

Cumulative and instantaneous constraints. Constrained MDPs optimize reward subject to ex-
pected cumulative-cost budgets [12]. Regret analyses control budget violation [13–15], and some
methods guarantee that every selected policy satisfies its budget with high probability [16, 17]. These
guarantees do not impose per-action thresholds. Expected instantaneous constraints on randomized
action distributions likewise differ from actionwise safety [18]. Hard ramp and covering constraints
also arise in online optimization with revealed feasibility information [19, 20]. Instantaneous-safe
bandit and MDP methods are the closest statistical foundations [4–6, 21, 22]. Appendix B.1 compares
their assumptions, safety geometry, and observation models with our N = 1 specialization.

Structured cooperation and safety. Factored planning and coordinated RL preserve local interac-
tions and use variable elimination to recover consistent joint actions [7, 8]. We use this established
planning machinery to combine initial and learned safety certificates, with explicit costs for certifica-
tion and distributed implementation. Computational efficiency requires small induced width of the
complete score-and-constraint graph. Shield decentralization starts from a supplied shield and sound
environment abstraction [23]. Other approaches use constrained policy optimization or adaptive
safety mechanisms [24, 25]. Differential-game approximations [26] and multiplayer reach–avoid
analysis [27] address related control problems for specified models. Our analysis concerns learning
unknown models while preserving instantaneous feasibility and controlling regret.

Equilibria and information structure. Constrained Markov games study feasible unilateral de-
viations and constrained equilibria [28–33]. Shared constraints determine which unilateral policy
changes are feasible, so an equilibrium criterion requires a deviation class as well as a reward objective.
In our common-reward protocol class, team regret bounds feasible unilateral-improvement gaps, while
unilateral stability can coexist with a suboptimal team return (Corollary 5.7). Hierarchical-information
cooperation [34] and Stackelberg learning [35, 36] impose distinct information or strategic response
structures. Our elimination order controls computation and message organization while preserving
the objective and feasible set. It introduces no strategic leader (Appendix B).

3 Problem Formulation

Notation. Write [n] = {1, . . . , n}, [x]+ = max{x, 0}, and ∆(X ) for the probability simplex on
a finite set X . For I ⊆ [N ], sI = (si)i∈I and aI = (ai)i∈I . For a positive definite matrix M ,
∥x∥M = (x⊤Mx)1/2 is the induced norm. The symbol Id denotes the d-dimensional identity.
Matrix inequalities use the positive semidefinite order. Unmarked logarithms are natural.

3.1 Cooperative dynamics and hard safety

There are N ≥ 1 agents with finite local state spaces Si, nonempty global state space S ⊆ ∏i Si,
finite nonempty action sets Ai and their joint-action space A =

∏
i Ai, horizon H ≥ 1, initial

distribution ρ ∈ ∆(S), transition kernels {Ph}Hh=1, and mean team rewards rh : S×A → [0, 1]. Over
K ≥ 1 episodes, sk1 ∼ ρ independently of history, and joint action akh yields skh+1 ∼ Ph(· | skh,akh).
Total interactions are T = KH , and maximum local action size is Amax = maxi |Ai|.
There are m ≥ 1 constraints. For each ℓ ∈ [m], a known scope Iℓ ⊆ [N ] determines an unknown
deterministic constraint function gℓ,h(sIℓ ,aIℓ). The safe joint-action set is

Asafe
h (s) = {a ∈ A : gℓ,h(sIℓ ,aIℓ) ≤ 0 for every ℓ ∈ [m]}. (1)

An agent in overlapping scopes must use the same action in every constraint involving it. Conse-
quently, the intersection in (1) need not be a product of individual safe-action sets. Safety concerns the
latent constraint values, so measurement noise does not itself constitute a violation. Every executed
action, including those used to collect training data, must satisfy these constraints.
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3.2 Communication-compatible protocols

Agent i observes si. Before each environment action, agents communicate over an undirected graph
Gcomm = ([N ], Ecomm) for a supplied integer budget Rh ≥ 0 of synchronous rounds. A step-h
protocol consists of message maps and final action maps,

zti→j = µt
i→j,h(si,M

t−1
i ), ai = πi,h(si,M

Rh
i ), (2)

where zti→j is the message from i to j in round t ∈ [Rh], Mt
i is agent i’s transcript through round t,

M0
i is empty, ai ∈ Ai, and (i, j) ∈ Ecomm. Centralized training installs local model and message

programs before each episode. Agents evaluate them using their realized local states. All agents
act simultaneously after communication completes. Communication is reliable, the state remains
fixed during these rounds, and messages and delays do not enter the reward or horizon. The exact
construction permits an arbitrary finite vector per directed edge per round. Section 4.3 accounts
separately for message volume and precision.

Let P be the permitted class of deterministic Markov protocols. Unless otherwise specified, it
contains all local message and action maps satisfying the graph, message alphabet, and round budgets.
A more restricted class must still satisfy Assumption 3.3. Tie rules are fixed before observing the
current state. We write Πh(s) for the joint action induced by running the distributed protocol at s,
although each agent uses only its own observation and received messages. A protocol is safe if every
constraint holds almost surely along its trajectories from ρ. Its value is

V Π
h (s) = EΠ

[∑H

t=h
rt(st,at) | sh = s

]
, V Π

1 (ρ) = Es∼ρ[V
Π
1 (s)]. (3)

The expectation starts from state s at step h, including states unreachable from ρ. For any state
function v, write v(ρ) =

∑
s ρ(s)v(s). Let Psafe denote the safe protocols and choose an optimal

safe comparator Π⋆ ∈ argmaxΠ∈Psafe
V Π
1 (ρ). The interaction history before episode k is Hk−1,

and Πk is chosen using this history. Cumulative regret and positive constraint violation are

Reg(K) =
∑K

k=1

[
V Π⋆

1 (ρ)− V Πk

1 (ρ)
]
, Viol(K) =

∑
k,h,ℓ

[gℓ,h(s
k
Iℓ,h

,akIℓ,h)]+. (4)

For a failure probability δ ∈ (0, 1), the goal is Viol(K) = 0 with probability at least 1 − δ and
sublinear regret under the stated information conditions.

3.3 Statistical model and observations

Let Er be a nonempty family of reward scopes e ⊆ [N ], and let re,h be the mean of reward factor e.
Reward and constraint functions have local features. Transitions follow a linear-mixture model that
may couple all agents. These known features permit sharing observations across inputs [10, 11], as
specified by

rh(s,a) =
∑

e∈Er

re,h(se,ae), re,h(se,ae) = ⟨ϕre,h(se,ae), θre,h⟩, (5)

gℓ,h(sIℓ ,aIℓ) = ⟨ϕgℓ,h(sIℓ ,aIℓ), θ
g
ℓ,h⟩, (6)

PhV (s,a) = ⟨ψV
h (s,a), θPh ⟩, ψV

h (s,a) =
∑

s′∈S
ϕPh (s

′ | s,a)V (s′). (7)

Here PhV (s,a) :=
∑

s′ Ph(s
′ | s,a)V (s′) is the expected next-state value. All feature maps and

scopes are known, while the parameters are unknown. The transition parameter belongs to a known
set ΘP

h for which Pθ(s
′ | s,a) = ⟨ϕPh (s′ | s,a), θ⟩ is a probability kernel. The same θPh applies to

every V .
Assumption 3.1 (Bounded linear model and feedback). Local features have Euclidean norm at most
one, and ∥θre,h∥2 ≤ Br, ∥θgℓ,h∥2 ≤ Bg, and ∥θPh ∥2 ≤ BP , for supplied nonnegative bounds. Also
∥ψV

h (s,a)∥2 ≤ ∥V ∥∞ for every V : S → R. At each executed step the learner observes the next
state, each local reward-factor measurement Yr,e,h, and each constraint measurement Yg,ℓ,h. Their
conditional means are the corresponding local reward and constraint values. The centered noises
are conditionally Rr- and Rg-sub-Gaussian for supplied nonnegative noise bounds. Any auxiliary
constraint observation has response Y = ⟨x, θgℓ,h⟩+ε, where x is a predictable feature with ∥x∥2 ≤ 1
and ε is conditionally Rg-sub-Gaussian noise. It is obtained without executing an uncertified action.
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Let F = |Er| count reward factors and let dr,e = dim(ϕre,h), dg = dim(ϕgℓ,h), and dP = dim(ϕPh )
be the reward, constraint, and transition feature dimensions. Zero-padding gives positive stage-
independent dimensions and a common dg. The total reward dimension is Dr =

∑
e dr,e. Separate

reward regressions require factor observations. Appendix G.1 gives an aggregate-reward variant.
Let ng ≥ K bound all observations per (ℓ, h) through episode K. Auxiliary acquisition costs are
separate from environment regret.
Assumption 3.2 (Available safe fallback). A known protocol Π0 ∈ P induces a0h(s) satisfying
gℓ,h(sIℓ ,a

0
Iℓ,h

(s)) ≤ 0 for every s ∈ S, h ∈ [H], and ℓ ∈ [m].

The learner may additionally use fixed, sound local certificates

Zℓ = {(sIℓ ,aIℓ) : (s,a) ∈ S ×A}, Z0
ℓ,h ⊆ {z ∈ Zℓ : gℓ,h(z) ≤ 0}. (8)

Here Zℓ contains attainable local tuples and Z0
ℓ,h is its initially certified subset, possibly empty.

Projecting known safe joint state–action pairs, including fallback pairs, onto the constraint scope
provides valid certificates. Each certificate applies to every global configuration containing that tuple,
enabling the recombination in Figure 1(a), including boundary-safe tuples. Explicit sets or supplied
membership tests represent these certificates, with a separate preprocessing cost.

Exploration can reach states outside the fallback’s own trajectories. Assumption 3.2 therefore covers
every modeled state without requiring a strict margin. Appendix F studies continuation certificates
when this global fallback condition is unavailable.
Assumption 3.3 (Exact, communication-compatible planning). For each episode, the selected
maximizers of the unclipped score (16) over (15), using the specified tie rule, are realizable jointly
for all states by one protocol Πk ∈ P, including the comparison with Π0. The planner returns this
protocol and its exact clipped values (17).

Separate statewise optimizers need not define one admissible policy when agents cannot distinguish
states requiring different actions. Section 4.3 provides a construction with evaluable factors, bounded
induced width, and sufficient communication for state acquisition and message passing. Linear
realizability does not ensure these conditions.

3.4 Examples and structural limits

In discretized robot coordination, minimum next-position separation couples robot controls, while
receiver interference limits couple transmitter powers. Chain interactions can have small planning
width, but all-to-all pairwise collision checks induce a complete action graph and network-wide
interference can create a global constraint. Efficient planning also requires suitable Bellman and
bonus scopes. Appendix E.5 gives explicit constraints, sparse and dense variants, and their feature,
feedback, and prediction-error requirements.

A communication-dependent safe optimum. Consider a known-model, one-step game on the
communication path 1− · · · −N . Only agent 1 observes a fair bit X . The reward is 1{a1 = X},
and pairwise constraints force all binary actions to agree. The all-zero fallback is safe with margin
one. Despite action-graph treewidth one,

V ⋆
full = 1, V ⋆

R = 1/2 (R < N − 1), V ⋆
R = 1 (R ≥ N − 1). (9)

Here V ⋆
full is the full-state optimum and V ⋆

R is the optimum over safe R-round protocols. Agent
N must agree with agent 1 without knowing X when R < N − 1, which proves the value gap.
Broadcasting X attains value one when R ≥ N − 1. The full-state optimizer is implementable only
above this threshold, and Assumption 3.3 fails below it. Figure 1(b) shows the four-agent instance,
and Proposition H.1 gives the full proof in Appendix H.

4 Safe Learning and Distributed Action Coordination

SAFE-CMG-UCB uses optimistic reward and transition estimates to encourage exploration, while
upper confidence bounds on constraints exclude actions whose safety is unresolved. Each episode fits
models, plans backward, and executes a fixed distributed policy. Algorithm 1 specifies these phases,
Figure 2 relates them to performance and safety, and Figure 3 details the protocol.
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4.1 Predictable regression and confidence bounds

Constraint bounds
and known safety

Optimistic
return estimates

Certified actions
including fallback

Bellman planning
on certified set

Coordinate one consistent joint action
and execute simultaneously

Figure 2: On the confidence event, consis-
tent certified actions ensure safety. Sublinear
regret needs sufficient safety information.

Before episode k, fit each local reward and constraint
model and one transition model per step using identity-
regularized least squares. Write Λr

k,e,h,Λ
g
k,ℓ,h,Λ

P
k,h

for the design matrices, θ̂rk,e,h, θ̂
g
k,ℓ,h, θ̂

P
k,h for the pa-

rameter estimates, and βr
k,e,h, β

g
k,ℓ,h, β

P
k,h for their

confidence radii. Appendices A.2 and A.1 specify
the regressions and every numerical parameter. The
designs record observed feature directions, so infor-
mative observations reduce uncertainty.

With failure allocation α = δ/[2H(F +m+ 1)] per
regression, the self-normalized inequality [37] gives
a simultaneous parameter-confidence event E of prob-
ability at least 1− δ/2 (Appendix C.1). Its ellipsoids
control predictions uniformly over states, actions, and
value functions. Appendix C.6 explains why this re-
gression avoids a value-function covering argument.

Transition regression predicts next-state value. Its normalized feature xτP,h and response Y τ
P,h retain

the value function fixed before the sample was collected,

xτP,h = ψ
Vτ,h+1

h (sτh,a
τ
h)/H, Y τ

P,h = Vτ,h+1(s
τ
h+1)/H. (10)

Apply (31) for τ < k to obtain ΛP
k,h and θ̂Pk,h. The feature is measurable before sτh+1 is observed.

Clipping keeps values in [0, H] on every history, and division by H bounds both the response and
feature norm by one. Substituting later value estimates need not preserve this predictability.

The estimated mean reward and expected next-state value are r̂k,h =
∑

e⟨ϕre,h, θ̂rk,e,h⟩ and P̂k,hV =

⟨ψV
h , θ̂

P
k,h⟩, with the features’ state–action arguments. The estimate P̂k,h need not be a probability

kernel. Define the reward bonus br, transition bonus bP , and constraint upper bound Ug by

brk,h(s,a) =
∑

e∈Er

βr
k,e,h∥ϕre,h(se,ae)∥(Λr

k,e,h)
−1 , (11)

bPk,h(s,a;V ) = HβP
k,h∥ψV

h (s,a)/H∥(ΛP
k,h)

−1 , (12)

Ug
k,ℓ,h(sIℓ ,aIℓ) = ⟨ϕgℓ,h(sIℓ ,aIℓ), θ̂

g
k,ℓ,h⟩+ βg

k,ℓ,h∥ϕ
g
ℓ,h(sIℓ ,aIℓ)∥(Λg

k,ℓ,h)
−1 . (13)

On E , Ug
k,ℓ,h ≥ gℓ,h, r̂k,h + brk,h ≥ rh, and P̂k,hV + bPk,h(·;V ) ≥ PhV . An unexplored feature

direction increases potential return but also makes its constraint harder to certify. Exploration
therefore remains restricted to actions supported by valid safety information.

4.2 Certified action sets and optimistic Bellman backups

The local state–action tuple is zℓ(s,a) = (sIℓ ,aIℓ). Each constraint is certified by initial knowledge
or its upper confidence bound. Requiring a valid certificate in every scope gives the immediate
certified set Âimm

k,h (s). Retaining the whole fallback yields the candidate set Âk,h(s),

Âimm
k,h (s) = {a : zℓ(s,a) ∈ Z0

ℓ,h or Ug
k,ℓ,h(zℓ(s,a)) ≤ 0, for every ℓ}, (14)

Âk,h(s) = Âimm
k,h (s) ∪ {a0h(s)}. (15)

Every candidate is safe on E , and the fallback makes the set nonempty. Initially certified boundary
tuples can be combined with learned certificates. Appendix J.2 gives regret K when the fallback is
retained only as an indivisible action and min{K, 3} when its local certificates are reused, without
auxiliary observations. Initialize Vk,H+1 = 0. The unclipped optimistic score Q̃k,h, clipped action
value Qk,h, and state value Vk,h satisfy the backward recursion

Q̃k,h(s,a) = r̂k,h(s,a) + brk,h(s,a) + P̂k,hVk,h+1(s,a) + bPk,h(s,a;Vk,h+1), (16)

Qk,h(s,a) = clip[0,H−h+1]

(
Q̃k,h(s,a)

)
, Vk,h(s) = maxa∈Âk,h(s)

Qk,h(s,a). (17)
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Algorithm 1 SAFE-CMG-UCB
Input: State and action sets, known features and scopes, bounds Br, Bg, BP , Rr, Rg , protocol class P
with its graph, alphabet, round budgets and tie rule, safe fallback Π0, optional local certificates Z0

ℓ,h, H,K
and δ ∈ (0, 1).

1 Initialize the regression data sets to be empty.
2 For k = 1, . . . ,K:
3 Estimate: fit the models and confidence sets from pre-episode data using (31)–(33).
4 Set Vk,H+1(s) = 0 for every s ∈ S.
5 For h = H, . . . , 1:
6 Certify: combine local certificates and the whole fallback in (15).
7 Plan: compute the optimistic scores (16) and values (17). Compile the factor evaluators, routes, and

protocol maps (2) for all states, including fallback selection.
8 End for
9 For h = 1, . . . , H:

10 Coordinate and act: instantiate factors from local observations and messages. Agree on the certified
assignment or whole fallback, then execute Πk

h(s
k
h) simultaneously.

11 Observe: store factor rewards, constraint measurements, and the historical-value transition sam-
ple (10).

12 End for
13 Incorporate any safely obtained auxiliary constraint observations permitted by the feedback model.
14 End for

Here clip[0,b](x) = max{0,min{b, x}}. Select a maximizer of the unclipped score, preferring the
whole fallback on ties and otherwise using fixed action and bag orders. Monotone clipping preserves
this maximizer, and Assumption 3.3 makes these choices one admissible protocol.

The globally available fallback ensures safe continuation, so the main algorithm requires only
immediate certificates. Replacing this assumption by backward viability tests requires the additional
transition-support conditions in Appendix F.

4.3 Exact coordination, communication, and complexity

Suppose the complete score is a known sum of local score factors qk,h,f , indexed by FQ
k,h. The score

decomposition and constrained planning problem are

Q̃k,h(s,a) =
∑

f∈FQ
k,h

qk,h,f (sJf
,aIf ),

max
a∈A

∑
f
qk,h,f (sJf

,aIf ) s.t. zℓ ∈ Z0
ℓ,h or Ug

k,ℓ,h(zℓ) ≤ 0 (ℓ ∈ [m]).
(18)

The second expression optimizes over immediate certified actions. Comparing its optimum with the
whole fallback implements (15), even if the immediate set is empty. All transition-value and bonus
terms are included. Action scopes If determine elimination width, while state scopes Jf determine
the observations required for factor evaluation.

Exact variable elimination or junction-tree computation solves (18) [7, 8, 38]. Upward messages
summarize conditional scores and aggregate the fallback score separately. The root selects the
certified optimizer or whole fallback. Downward assignments then fix one value for every shared
action variable, ensuring consistency across overlapping constraints. Messages follow routes on
Gcomm, and all agents act after delivery (Appendix E).

Let F include all score and safety factors, rmax their maximum action-scope size, and ω the induced
width of the chosen elimination order on their primal graph. Thus ω is the largest number of
remaining neighbors of an eliminated variable after fill edges are added. Constructing the tables
takes O(|F|Armax

max ) factor evaluations. For a reduced junction tree T with bag collection B, exact
optimization of these tables requires

O
(
(|F|+ |B|)Aω+1

max +N
)

(19)

arithmetic operations per state, plus the fallback evaluation. Reduced junction-tree separator tables
have O(Aω

max) scalar entries. The two passes take O(diam(T )) logical rounds for tree diameter
diam(T ), plus routing, state-acquisition, and congestion costs on Gcomm.
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Proposition I.1 compiles this computation into one protocol over all states. Let R0 be the fallback’s
round cost, rin the largest required input-routing distance, rout the largest output-routing distance,
and DG the largest sum of physical routing distances on a root-to-leaf junction-tree path. With fixed
bag hosts and routes, sufficient rounds are

R ≥ R0 + rin + 2DG + rout. (20)

This bound includes state acquisition, fallback comparison, assignment, and delivery under the
vector-message model. Proposition I.2 also bounds routed bit traffic. Rounding only score factors
with quantization step ζ > 0, while keeping safety indicators exact, preserves feasibility and adds at
most |FQ

k,h|ζ optimization error.

Runtime factor instantiation and message passing evaluate the estimates, certificates, values, and
protocol maps fixed before the episode. Proposition E.1 proves equivalence with precomputation
under the same tie rule. Tabular planning requires H|S| state–step evaluations, with separate factor
evaluation, storage, and distribution costs. A host may need global state inputs. Dense pairwise
scopes or a global Bellman factor can give ω = N − 1 and exponential action cost.

5 Theoretical Guarantees

The largest confidence radii are βr = maxk,e,h β
r
k,e,h, βP = maxk,h β

P
k,h, and βg = maxk,ℓ,h β

g
k,ℓ,h,

with maxima over the first K episodes. The factor
√
F below comes from summing confidence

widths of separately estimated reward factors. Equation (46) gives deterministic bounds on these
maxima. The notation Õ suppresses logarithmic factors in K,ng, 1/δ.

Theorem 5.1 (Zero instantaneous violation). Under Assumptions 3.1 and 3.2, an implementation of
SAFE-CMG-UCB that executes only actions in (15) satisfies every instantaneous constraint with
probability at least 1 − δ. Hence Viol(K) = 0 on this event. This conclusion does not require a
positive comparator margin or a certification-coverage condition.

The guarantee holds even when uncertainty prevents certification of the optimal protocol. Proof sketch.
On the simultaneous confidence event, every statistical upper bound dominates its true constraint.
Supplied local certificates and the all-state fallback cover the other candidates. Every executed joint
action is therefore safe. The full proof is in Appendix C.2.

Performance also depends on which safe actions can be certified. Let

X ⋆
h := {(s,a) : PΠ⋆(sh = s,ah = a) > 0}. (21)

This is the support of the comparator’s step-h state–action distribution under the true kernels and
initial law ρ. Let χk indicate an uncertified action in the comparator’s reachable support in episode k,
and let BK count such episodes,

χk := 1
{
∃h ∈ [H], (s,a) ∈ X ⋆

h : a /∈ Âk,h(s)
}
, BK :=

∑K

k=1
χk. (22)

Neither Π⋆, χk, nor BK is an input to the learner.

Theorem 5.2 (Regret with an explicit certification term). Under Assumptions 3.1–3.3, zero violation
and the following regret bound hold jointly with probability at least 1− δ,

Reg(K) ≤ 2βr
√

2FHDrT log(1 +K) + 2HβP
√
2HdPT log(1 +K/dP )

+HBK +H
√
2T log(2/δ). (23)

The first two terms measure reward and transition uncertainty, while HBK measures the cost of
excluding the comparator. The final term controls trajectory-sampling error. The bound is sublinear
when BK = o(K) and its estimation terms are sublinear. Proof sketch. When χk = 0, backward
induction establishes comparator optimism. Otherwise the lost value is at most H . Telescoping the
executed policy’s Bellman errors reduces the remaining regret to confidence widths and trajectory-
sampling errors. Stepwise elliptical-potential bounds control the former, and martingale concentration
controls the latter. The full proof is in Appendix C.3.
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Assumption 5.3 (Comparator margin and certification coverage). There exists ∆safe > 0 such that,
for every h ∈ [H], ℓ ∈ [m], and (s,a) ∈ X ⋆

h with a ̸= a0h(s),

zℓ(s,a) /∈ Z0
ℓ,h =⇒ gℓ,h(zℓ(s,a)) ≤ −∆safe. (24)

Initially certified tuples may lie on the safety boundary. On the confidence event, for every episode
with χk = 1, there is a witness (h, ℓ, s,a) satisfying (s,a) ∈ X ⋆

h , a /∈ Âk,h(s), zℓ(s,a) /∈ Z0
ℓ,h, and

Ug
k,ℓ,h(zℓ(s,a)) > 0 such that, for x = ϕgℓ,h(sIℓ ,aIℓ),

Λg
k+1,ℓ,h − Λg

k,ℓ,h ⪰ xx⊤. (25)

All observations contributing to this increase are acquired without violating the hard constraints.
This condition does not authorize executing an uncertified candidate. The budget ng counts all
measurements per (ℓ, h) through episode K, including safe auxiliary feedback.

In each episode with an excluded comparator action, condition (25) requires safely collected data to
provide the specified covariance increase for at least one failed local test. Executed-action feedback
or additional safety measurements may supply this information, with auxiliary acquisition costs
accounted for separately. Proposition C.8 gives a trajectory-feedback instance with linear regret
despite a safe fallback, positive margin, and sparse scopes. The margin and coverage witnesses are
analytical conditions, not algorithm inputs.
Corollary 5.4 (Sublinear regret under certification coverage). Under the assumptions of Theorem 5.2
and Assumption 5.3, on the same event,

BK ≤ 8Hmdg(β
g/∆safe)

2 log(1 + ng/dg). (26)
Substituting this certification count into Theorem 5.2 gives

Reg(K) ≤ Õ
(
βr
√
FHDrT +HβP

√
HdPT +H2mdg(β

g/∆safe)
2 +H

√
T
)
. (27)

For fixed H,F,m, dimensions, parameter and noise bounds, ∆safe > 0, and δ ∈ (0, 1), if ng is
polynomial in K, the confidence radii are O(

√
logK) and the regret is sublinear in K.

The margin sets the confidence-width threshold, while coverage limits how often certification can fail.
Proof sketch. For each episode counted by BK , assign one failed test supplied by Assumption 5.3. Its
margin implies a confidence half-width exceeding ∆safe/2, while coverage supplies a corresponding
observed design increment. Summing the resulting increases in log detΛ proves (26). The full proof
is in Appendix C.4. Certified approximate planning with state-uniform score error εk,h increases
regret by at most

∑
k,h εk,h, provided every output remains feasible (Appendix C.5).

Single-agent specialization. For N = 1, communication disappears and joint tuples become
ordinary state–action pairs. With one reward factor, substituting F = 1 and Dr = dr into (27) gives
the rate in Appendix B.1. This specialization retains the all-state fallback, unknown-tuple margin, and
feedback coverage. No sharper rate than existing instantaneous-safe MDP results is claimed [4–6].
The appendix compares these assumptions and distinguishes actionwise, expected instantaneous, and
cumulative constraints.
Theorem 5.5 (Necessity lower bounds). The following statements hold.

1. For unstructured one-state, one-step cooperative games with N agents, A ≥ 2 actions per
agent, and all joint actions safe, every algorithm has expected regret at least c

√
ANK on

some instance when K ≥ AN , with c = 1/(16
√
2).

2. Without initial safety information or safety feedback before the first action, some instance
has first-action violation probability at least 1/2. A uniform zero-violation guarantee with
failure probability δ < 1/2 is therefore impossible.

3. Let γ > 0 and 0 < δ ≤ 1/4. Given n independent observations Y1, . . . , Yn ∼ N (θ, 1) of a
candidate constraint with mean θ ∈ {−γ,+γ}, any certification rule that declares the safe
candidate safe with probability at least 1− δ and declares the unsafe candidate safe with
probability at most δ requires

n ≥ (2γ2)−1 kl(1− δ, δ).

Here kl(p, q) = p log(p/q)+ (1− p) log((1− p)/(1− q)). This lower bound remains valid
if the observations are supplied without executing the candidate action.
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The three bounds distinguish representation complexity, initial safety information, and certification
precision. The first concerns unstructured rewards, so retaining reward structure can change the statis-
tical complexity. The third quantifies the cost of distinguishing near-boundary safe and unsafe actions
and requires both soundness and successful certification. Proof sketch. An AN -armed Bernoulli
bandit gives the first bound by change of measure. The second follows from indistinguishable initial
safe-action assignments. The third uses Gaussian binary testing. Full proofs appear in Appendix D.

5.1 Local tabular certification and feasible deviations

For tabular local constraints, use the sample-mean upper confidence bound Ug,tab
k,ℓ,h (z) defined in

Appendix A.3, retaining the other algorithm components. Let Mℓ = |Zℓ| count local configurations
and Lℓ = log(2Mℓng/α) be the logarithmic confidence factor, with a supplied integer observation
budget ng ≥ K per (ℓ, h). The count of an entry is the number of its observations before episode k.
The sufficient certification count qℓ below is used only in the analysis.
Proposition 5.6 (Local tabular certification). Assume the model, fallback, planning, and unknown-
tuple margin conditions. Suppose each episode with χk = 1 has an unavailable comparator action
a /∈ Âk,h(s) and a failed test Ug,tab

k,ℓ,h (z) > 0 at z = zℓ(s,a) /∈ Z0
ℓ,h, whose count increases by at

least one through safely acquired observations in that episode. Set qℓ = max{1, ⌈8R2
gLℓ/∆

2
safe⌉}.

With probability at least 1− δ, zero violation and Theorem 5.2’s regret bound hold jointly, with

BK ≤
∑

h,ℓ
|Zℓ \ Z0

ℓ,h|qℓ ≤ H
∑m

ℓ=1
Mℓqℓ. (28)

Each local estimate is reused by all joint actions containing the same tuple. A one-state binary
pairwise chain has 4H(N − 1) local entries, versus H(N − 1)2N full constraint entries. This gain is
also available to centralized planners that retain the same structure. Proof sketch. A failed comparator
test has count below qℓ, and coverage increases one such count. Each initially uncertified entry can
therefore be charged at most qℓ times. The full proof is in Appendix J.3.

For safe Π, let Di(Π) comprise replacements of agent i’s message and action maps, with the other
maps fixed, for which the entire resulting protocol remains in Psafe. Include the identity and define
the feasible unilateral-improvement gap

Gapi(Π) = supΠ̃∈Di(Π)[V
Π̃
1 (ρ)− V Π

1 (ρ)]. (29)

Corollary 5.7 (Feasible unilateral improvements). For every safe Π, 0 ≤ maxi Gapi(Π) ≤
V Π⋆

1 (ρ)− V Π
1 (ρ). On the simultaneous confidence and regret event of Theorem 5.2,

∑K

k=1
max

i
Gapi(Π

k) ≤ Reg(K). (30)

Sublinear team regret gives a vanishing average maximum feasible-deviation gap. This implication
is strict. With no messages, safe pairs {00, 11} and reward (a1 + a2)/2 make 00 unilaterally stable
but team-suboptimal by one. The result concerns deviations from ρ. General-sum and off-path
equilibrium guarantees require different analyses. Proof sketch. The identity deviation gives a
nonnegative gap. Every feasible unilateral deviation remains in the comparator’s safe protocol class,
so optimality of Π⋆ bounds its gain by team suboptimality. Taking the supremum, maximizing over
agents, and summing proves the result. The full proof is in Appendix J.4.

6 Conclusion

SAFE-CMG-UCB combines reusable local safety certificates with a communication-compatible
joint-action protocol. Zero violation follows from sound certification, while sublinear regret requires
informative feedback. The distributed construction quantifies planning and communication costs.

Three questions remain. Can adaptive safe measurements achieve information coverage with minimal
certification delay? What safe value and regret are attainable when communication prevents exact
joint-action optimization? Which local transition-support certificates can replace the all-state fallback
while preserving zero violation and finite certification cost?
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A Notation and Algorithm Parameters

Table 1: Notation used in the main results and proofs.

Symbol Meaning

N , H , K, T = KH Agents, steps per episode, episodes, and total interactions.
S, Si, Ai, A Global state space, local state space, individual action space,

and joint-action space.
projJ S, AI Local state tuples attainable on scope J and the action product∏

i∈I Ai.
sI , aI , Iℓ State and action restrictions to a set of agents, and the scope of

constraint ℓ.
rh, Ph, ρ Team reward mean, transition kernel, and initial-state law.
m, gℓ,h, Asafe

h (s) Constraint count, constraint function, and true safe actions.
Gcomm, µt

i→j,h, πi,h Physical graph, message rule, and local action rule.
N comm

i Physical communication neighbors of agent i.
zti→j , Mt

i Round-t message and agent i’s transcript, initially empty.
P, Psafe Admissible protocol class and its safe subset.
Π0, Πk, Π⋆ Known safe fallback, executed protocol in episode k, and opti-

mal safe admissible protocol.
Hk−1 Feedback and training information before episode k.
Hpre

τ,h History just before the step-h transition in episode τ , including
the chosen state–action pair.

V Π
h , Vk,h Value of Π and optimistic value for episode k.

Er, F = |Er|, dr,e Reward scopes, number of factors, and dimension of factor e.
Dr =

∑
e dr,e, dg , dP Total reward dimension, padded constraint dimension, and

padded transition dimension.
ϕre,h, ϕgℓ,h, ϕPh Known reward, constraint, and transition-kernel features.
ψV
h =

∑
s′ ϕ

P
h (s

′ | ·)V (s′) Transition feature for the expectation of V .
θre,h, θgℓ,h, θPh Unknown model parameters. Hats indicate ridge estimates.
Br, Bg , BP , Rr, Rg , RP = 1 Parameter norm bounds and sub-Gaussian noise scales. RP =

1 bounds the normalized transition noise.
Dk, Dg

k,ℓ,h Indices of individual observations available before episode k
in a generic regression and a constraint regression.

xτr,e,h, Y τ
r,e,h, xτP,h, Y τ

P,h Reward feature and factor measurement, followed by the
historical-value transition feature and target. Only the tran-
sition pair is normalized by H .

Λr
k,e,h, Λg

k,ℓ,h, ΛP
k,h Identity-regularized design matrices. Transition features and

targets are normalized by H .
r̂k,h, P̂k,hV Estimated mean reward and estimated next-value expectation.

P̂k,h need not itself be a probability kernel.
βr
k,e,h, βg

k,ℓ,h, βP
k,h Parameter-confidence radii. Unindexed radii are their maxima

over the analyzed episodes and factors.
β(d, n;B,R) Deterministic upper radius for dimension d and at most n

observations, defined in (45).
brk,h, bPk,h, Ug

k,ℓ,h Reward and transition prediction half-widths, and the constraint
upper confidence bound.

Âimm
k,h (s), Âk,h(s) Actions certified by local initial or statistical information, and

their union with the whole fallback.
Q̃k,h, Qk,h Unclipped optimistic score and score clipped to [0, H−h+1].
X ⋆

h , χk, BK Comparator occupancy support, uncertified-episode indicator,
and total number of such episodes.
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Symbol Meaning

∆safe, ng Margin for initially uncertified comparator tuples, and observa-
tion budget per constraint and step.

δ, α, E Overall failure budget, per-regression budget δ/[2H(F +m+
1)], and simultaneous parameter-confidence event.

∆k,h, fk,h, Zk,h Optimistic-minus-executed value gap, its positive part, and
bounded martingale differences in the regret proof.

MK,H(δ), εk,h Trajectory-concentration term and state-uniform score-
optimization error. Neither permits a safety violation.

F , rmax, ω Full planning factors, maximum action-scope size, and induced
elimination width.

If , Jf , FQ
k,h Action scope, state-input scope, and factors of the complete

unclipped score.
T = (B, ET ), Bb, Sb Junction tree, bag variables, and parent separators.
ub, b(f), b(i), Amax Bag host, factor’s assigned bag, action’s output bag, and maxi-

mum individual action-set size.
p(b), ch(b), Fb Parent bag, child bags, and sum of score and hard factors

assigned to a bag.
Q0

b , Q0
b↑ Fallback score from factors assigned to a bag and its subtree.

zℓ, Zℓ, Z0
ℓ,h Local state–action tuple, configuration set, and sound initial

local certificates.
Mℓ, nk,ℓ,h(z), gk,ℓ,h(z) Local table size, entry observation count, and sample mean.
Lℓ, qℓ, Etab Tabular confidence logarithm, sufficient certification count, and

combined tabular-safety/reward/transition confidence event.
Smax, rg Maximum local state-alphabet size and maximum safety-scope

size in the local-table comparison.
Rh, R0, rin, DG, rout Permitted rounds, fallback rounds, input distance, routed tree

height, and output distance.
Ds, D0, Ws Distinct state and fallback source–host demands, and routed

state-input bits.
Lf , zf , ζ, mQ Uniform absolute score-factor bound, quantized integer factor,

quantization step, and number of score factors.
Zζ , bζ , Tb Integer score-magnitude bound, bits per score word, and num-

ber of separator assignments.
M, bp, Rp, We, ce Routed messages, payload bits, physical paths, per-edge load,

and directed edge capacity.
Di(Π), Gapi(Π) Feasible unilateral protocol replacements and their improve-

ment gap from ρ.
Xk,h, Arec

k,h Recursively certified states and actions in the optional continu-
ation extension.

Θ̂P
k,h, CP

k,h Valid transition parameters inside the ellipsoid and the corre-
sponding nonempty kernel uncertainty set.

η, δconf , δexit Optional continuation escape tolerance, joint confidence-
failure bound, and allocated trajectory escape budget.

A.1 Algorithm inputs and explicit parameter choices

The supplied bounds Br, Bg, BP , Rr, Rg must satisfy Assumption 3.1. Their validity cannot be
inferred from the same finite data merely by substituting empirical norms or variances. State and
action sets, features, scopes, the communication graph and alphabet, permitted rounds, the fallback,
and sound initial certificates are also model inputs. The unknown parameters, optimal safe protocol,
and comparator margin are not inputs to the algorithm.
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Table 2: Explicit numerical parameters and their roles.

Quantity Definition and use

H,K, T, δ Supplied horizon H , episode count K, and failure budget 0 < δ < 1. The
T = KH environment steps exclude communication.

λ, RP λ = 1 in every ridge regression. RP = 1 is valid because the normalized
transition response lies in [0, 1] on every history.

α δ/[2H(F + m + 1)], allocating δ/2 to all HF + Hm + H regression
processes. Regret concentration uses the remaining δ/2.

βr
k,e,h, βg

k,ℓ,h, βP
k,h Equations (32)–(33). At empty data, β(Id;B,R) = B +R

√
2 log(1/α).

No additional confidence multiplier is tuned.
brk,h, bPk,h Prediction half-widths in (11)–(12). The factor H reverses normalization

of the transition regression.
Ug
k,ℓ,h Estimated constraint plus its prediction half-width, as in (13). Its accep-

tance threshold is exactly zero.
ng An observation bound per (ℓ, h) through episode K. If the auxiliary-

feedback model allows at most naux extra observations per pair, take
ng = K + naux. Trajectory-only feedback has ng = K. Only the tabular
variant requires this bound as input.

Lℓ, qℓ Lℓ = log(2Mℓng/α) enters the tabular certificate. qℓ =
max{1, ⌈8R2

gLℓ/∆
2
safe⌉} is a sufficient sample count in the proof. The

learner does not use qℓ or ∆safe.
Tie rule Prefer the whole fallback when its score ties the certified optimum. Resolve

other ties using the solver’s fixed action and bag order, with conditional
backtracking. The same rule is used in precomputation and execution.

εk,h Zero for the exact planner. For an approximate planner it is a supplied
uniform loss bound for the original, unclipped score. The achieved score
defines the backward value.

Lf , ζk,h Take Lf to be the maximum absolute value of factor f over its finite local
input domain, or any supplied upper bound. For the optional integer-score
planner, ζk,h = 1/[T max{1,mQ,k,h}] bounds total optimization loss by
one. Hard-feasibility indicators remain exact.

R0, rin, DG, rout Fallback’s round cost and the route quantities in (99)–(100). The sufficient
vector-message budgetR0+rin+2DG+rout must not exceed the permitted
Rh rounds.

The auxiliary-feedback mechanism is part of the observation model, not an implicit oracle invoked on
rejected actions. The certification indicators χk, their sum BK , the margin ∆safe, and coverage wit-
nesses appear only in the analysis. Hosts, routes, elimination order, and encodings are computational
inputs. Appendices E and I specify their costs and correctness conditions.

A.2 Regression estimators and confidence radii

Predictability means that a feature is fixed before its response is observed. For response noise ε,
conditional R-sub-Gaussianity means E[exp(uε) | Hpre] ≤ exp(u2R2/2) for every u ∈ R. The
conditioning history Hpre contains the feature and all previously revealed information. Simultaneous
factor noises need not be independent.

For a d-dimensional regression, let xt ∈ Rd be the feature and Yt the observed response, whose
conditional mean is ⟨xt, θ⟩ for an unknown parameter θ. Let Dk index the observations available
before episode k, with distinct indices for repeated measurements. Fix regularization λ = 1 and
define the design matrix and ridge estimate

Λk = Id +
∑

t∈Dk

xtx
⊤
t , θ̂k = Λ−1

k

∑
t∈Dk

xtYt. (31)

Here Id is the d-dimensional identity matrix. It makes every design invertible, including at initializa-
tion, when Λ1 = Id and θ̂1 = 0. For reward factor (e, h), use xτr,e,h = ϕre,h(s

τ
e,h,a

τ
e,h) and measured
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factor reward Y τ
r,e,h for τ < k. For constraint (ℓ, h), Dg

k,ℓ,h indexes all safely obtained observations,

including executed-action feedback. Applying (31) defines (Λr
k,e,h, θ̂

r
k,e,h) and (Λg

k,ℓ,h, θ̂
g
k,ℓ,h).

For transition estimation, apply (31) to the historical-value samples in (10), for τ < k, to obtain ΛP
k,h

and θ̂Pk,h.

Allocate confidence failure α = δ/[2H(F+m+1)] to each regression process and set the normalized
transition-noise bound RP = 1. For design Λ, parameter norm bound B, and noise bound R, define
the parameter-confidence radius

β(Λ;B,R) = B +R
√
log detΛ + 2 log(1/α). (32)

The three radii are explicitly

βr
k,e,h = β(Λr

k,e,h;Br, Rr), βg
k,ℓ,h = β(Λg

k,ℓ,h;Bg, Rg), βP
k,h = β(ΛP

k,h;BP , RP ). (33)

Appendix C.1 proves simultaneous parameter confidence for these radii. All features in each
regression are fixed before their corresponding responses are observed.

A.3 Tabular safety confidence bounds

For the variant in Proposition 5.6, observations are labeled local entries with mean gℓ,h(z). Let
Mℓ = |Zℓ|, and let nk,ℓ,h(z) and gk,ℓ,h(z) be the count and sample mean of observations of entry
z before episode k. A supplied integer budget ng ≥ K bounds all observations per (ℓ, h) through
episode K. With the failure allocation α = δ/[2H(F +m+1)], set Lℓ = log(2Mℓng/α) and define

Ug,tab
k,ℓ,h (z) =

{
gk,ℓ,h(z) +Rg

√
2Lℓ/nk,ℓ,h(z), nk,ℓ,h(z) > 0,

+∞, nk,ℓ,h(z) = 0.
(34)

This tabular upper confidence bound replaces (13) in the certification test. Supplied local certificates
and the whole fallback are retained. The infinite value prevents an unobserved entry from passing the
statistical test. Appendix J.3 proves confidence simultaneously over entries and observation counts.
Proposition 5.6 uses the margin-dependent count qℓ only in its analysis.

B Related Work and Single-Agent Comparisons

B.1 Single-agent specialization and the meaning of safety

Constraint semantics. Instantaneous and cumulative constraints specify different quantities. For
this comparison, ch denotes a state–action cost, τh a prescribed per-step threshold, C a cumulative
budget, and π a possibly randomized single-agent policy. An actionwise requirement is

P
(
ch(s

k
h, a

k
h) ≤ τh for every k, h

)
≥ 1− δ. (35)

The probability is over the complete learning interaction. The constraint concerns the true cost, not
the noise in its measurement. In contrast, an instantaneous expectation constraint restricts the action
distribution through

Ea∼πh(·|s)[ch(s, a)] ≤ τh. (36)
A distribution satisfying (36) can assign positive probability to actions whose individual costs exceed
τh. The expected cumulative cost Jc(π) is constrained by the budget C through

Jc(π) := Eρ,P,π

[∑H

h=1
ch(sh, ah)

]
≤ C. (37)

Even if (37) holds for every policy used during learning with high probability, it does not impose a
per-action threshold. For example, a two-step trajectory with costs 0.8 and 0 satisfies a cumulative
budget C = 0.8 but violates the instantaneous threshold 0.4 at its first step. Likewise, a bound on
cumulative constraint violation may permit violations during learning. A pathwise cumulative budget∑

h ch ≤ C constrains each trajectory but likewise permits uneven costs across steps. A reward
penalty V π

1 (ρ)− ηpenJc(π), with penalty weight ηpen ≥ 0, imposes no feasibility requirement by
itself. Our guarantees use the actionwise condition (35).
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The zero-violation results of Liu et al. [16] and Bura et al. [17] enforce (37) for every selected
policy under a known strictly feasible baseline policy. They therefore provide stringent guarantees
for cumulative budgets, with a different feasible-policy class from the present actionwise problem.
Bi-level provisioning and scheduling [39] couples online budget decisions to a lower-level CMDP
through expected episode consumption. Its high-probability feasibility guarantee concerns those
episode budgets. The present requirement constrains each executed joint action. Similarly, the
randomized-policy extension in Amani et al. [4, Section 4] uses (36), whereas its deterministic-policy
algorithm uses actionwise constraints. Randomization over safe actions preserves actionwise safety.

Hard constraints in online optimization. Hard feasibility also arises outside RL. Shi et al. [19]
combine known demand constraints with hard ramp limits and a specified uncertainty set for future
inputs. Shi et al. [20] study revealed covering constraints and look-ahead under switching costs.
Both compare the online cost with an offline dynamic decision sequence through a competitive ratio.
In our model, the constraint parameters and Markov dynamics are unknown, and safely obtained
observations determine which actions can be certified. The comparator is an optimal admissible safe
policy. These different information assumptions and benchmarks prevent a direct comparison of
competitive ratios with Theorem 5.2.

Single-agent specialization. For N = 1, the joint action becomes an ordinary action and the
communication protocol becomes a policy. Taking one reward factor, F = 1 and Dr = dr,
Corollary 5.4 specializes to

Reg(K) ≤ Õ
(
βr
√
HdrT +HβP

√
HdPT +H2mdg(β

g)2/∆2
safe +H

√
T
)
, T = KH.

(38)

Setting N = 1 does not imply m = 1 or F = 1. We choose one reward factor and retain all
m constraints. The transition radius βP corresponds to the normalized regression in (10). The
specialization retains the known safe fallback at every modeled state and the comparator margin and
feedback-coverage condition of Assumption 5.3. The zero-violation theorem does not require the
latter condition, but the sublinear-regret corollary does.

Comparison with instantaneous-safe MDP results. The parameterizations and sources of safe
information differ across the closest single-agent results. In a linear MDP, Ph(s

′ | s, a) =
⟨ϕ(s, a), µh(s

′)⟩ has a known state–action feature and unknown vector-valued measure. In the
linear mixture model used here, Ph(s

′ | s, a) = ⟨ϕPh (s′ | s, a), θPh ⟩ has known transition features
and a finite-dimensional unknown parameter. Dimensions from these two representations cannot be
identified without an additional representation argument.

Table 3: Assumptions relevant to the single-agent comparison. The instantaneous-
safety rows concern the latent constraint value, with noisy measurements used for
learning. The symbols τ and c̄ denote the cited works’ safety thresholds.

Work Safety and dynamics Observations and initial safety Regret conditions

Amani et al. [4],
deterministic al-
gorithm

Actionwise ch(s, a) ≤
τ in a linear MDP.

Unknown rewards, costs, and
transitions. Executed actions
give exact reward and noisy
cost feedback. A known action
at every state has known cost
strictly below τ .

Statewise feature sets are star-
convex about the safe fea-
ture. A covering-number cor-
rection is given by Roknilam-
ouki et al. [6].

Shi et al. [5] ch(s, a, s
′) ≤ c̄ for real-

ized transitions. Unsafe
states are permitted in a
linear mixture model.

Known rewards, unknown dy-
namics and transition costs, and
noisy cost feedback. Exact tran-
sition supports and a seed safe
subgraph are known.

Star-convex subgraph fea-
tures, Lipschitz conditions
on rewards and safe transi-
tions, and a positive safety
reserve after accounting for
successor-feature variation.
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Work Safety and dynamics Observations and initial safety Regret conditions

Roknilamouki
et al. [6]

Actionwise ch(s, a) ≤
τ in a linear MDP with
continuous actions.

Unknown rewards, costs, and
transitions. Noisy reward and
cost feedback. A zero-cost ac-
tion is known at each state.

Star-convexity, or a Local
Point Assumption providing
a safe neighborhood and suit-
able segments near the con-
straint boundary. The latter
case includes an initial safe
exploration phase.

Present N = 1
specialization

All gℓ,h(s, a) ≤ 0 on
executed actions. Finite
states/actions with linear
mixture kernels.

Unknown rewards, constraints,
and transitions. Noisy reward
and constraint feedback. A
safe fallback is available at ev-
ery state. Any auxiliary safety
observations must be specified
and obtained safely.

Exact planning, strict mar-
gins on initially uncertified
tuples of nonfallback com-
parator actions, and explicit
growth of the observed con-
straint designs in uncertified
comparator directions. No in-
terpolation is required.

The geometric conditions in the prior actionwise results support safe exploration toward an optimal
action, including an optimum on the constraint boundary. Our corollary instead requires a strictly
positive margin for each initially uncertified tuple of a nonfallback comparator action and a separate
condition on information obtained safely. Known local certificates can already cover boundary tuples,
as the example in Appendix J.2 demonstrates. A margin alone does not provide information in an
unobserved feature direction. The finite-action model removes the need for physically available
actions along a continuous line segment, but explicitly requires informative safe observations. These
assumptions therefore do not uniformly weaken the single-agent assumptions. Any acquisition cost
for auxiliary safety observations is outside the environment-episode regret and must be included
when comparing total learning resources.

The cited instantaneous-safe algorithms obtain regret of square-root order in the number of episodes
under their respective assumptions, up to logarithmic factors and their stated exploration costs. In
particular, Roknilamouki et al. [6] give a corrected analysis for the star-convex setting of Amani et al.
[4] and extend the analysis to a specified non-star-convex class. Equation (38) provides the same
qualitative combination of sublinear regret and high-probability actionwise safety under the stated
margin and coverage assumptions. The comparison is qualitative and establishes neither a sharper
single-agent rate nor a guarantee covering all of these models.

B.2 Multi-agent coordination and solution concepts

Local observations and latent-state games. The distinction between cooperative, competitive,
and general-sum objectives is standard in MARL [2]. Local observations also require a precise
information model. Liu et al. [40] study weakly revealing partially observable Markov games, using
optimistic maximum-likelihood estimation to learn equilibria or compete with adversarial opponents.
Here, centralized training observes the joint state. Each agent observes its own state component at
execution and communicates before the joint action. The resulting protocol is a Markov map of the
joint state, even though no agent need know that state in full. Our Bellman recursion relies on this
model and the exact implementability condition. It does not establish a result for general latent-state
games or arbitrary history-dependent decentralized policies.

Structured coordination and equilibrium benchmarks. Factored planning and coordinated rein-
forcement learning already retain multi-agent structure within a centralized MDP representation and
use message passing to select a joint action from local value factors [7, 8]. Our use of variable elimi-
nation and induced-width complexity builds on this literature. For decentralized safety enforcement,
Melcer et al. [23] decompose a supplied centralized shield using a sound safety-relevant environment
abstraction. Here, local constraint parameters are learned from specified feedback, and initial and
learned certificates enter the same local feasibility factors. These factors support team-regret analysis
with safety during learning and execution through admissible communication.

Constrained equilibrium formulations encompass several safety notions. Alatur et al. [29] learn Nash
policies in Markov potential games with coupled expected cumulative-cost constraints. McMahan [32]
impose almost-sure bounds on every prefix of cumulative cost and reduce equilibrium computation to
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action-constrained Markov games. Their computational guarantees take the game model as input,
and they also discuss model-based learning extensions. Statewise constraints occur in equilibrium-
based safe MARL as well. Li and Azizan [33] study controlled invariant sets and convergence to a
generalized Nash equilibrium in statewise-constrained cooperative Markov games. A generalized
Nash equilibrium is defined through feasible unilateral deviations. A globally optimal admissible safe
team protocol maximizes the common return over the full admissible class. The two benchmarks need
not coincide. Corollary 5.7 bounds the average feasible unilateral-deviation gap by team regret for
the common payoff. The converse counterexample in Appendix J shows that unilateral stability need
not imply team optimality. This consequence concerns admissible safe protocol replacements from
the initial distribution. Convergence of independent player updates and Markov-perfect equilibrium
conditions at every state require separate analyses.

Hierarchical information and Stackelberg learning. Kao et al. [34] study cooperative bandits
and MDPs in which a follower observes the leader’s action before choosing its own. Zhong et al. [35]
study Stackelberg–Nash equilibria with myopically rational followers, and Zhao et al. [36] analyze
repeated cooperative Stackelberg games with an omniscient follower. These information and response
structures differ from an elimination order in a cooperative planner. Exact elimination computes a
joint maximizing assignment, after which all agents execute simultaneously. No agent optimizes
against a strategic follower response. Exact elimination orders preserve the feasible set and optimal
value but can change computation, communication, and the selected tied maximizer.

Differential games and reach-avoid control. Fridovich-Keil et al. [26] develop iterative linear-
quadratic approximations for solving nonlinear general-sum differential games. This approach models
strategic interaction through repeated local game approximations. Chen et al. [27] combine pairwise
reach-avoid solutions with maximum matching to obtain defending-team performance guarantees in
multiplayer differential games. These methods concern game solving and reachability for specified
dynamical models. Our analysis concerns statistical learning with unknown reward, transition, and
constraint parameters and accounts for safety during data collection.

C Proofs of the Safety and Regret Guarantees

We use the action sets Âk,h(s) = Âimm
k,h (s) ∪ {a0h(s)}, where a0h(s) is the known-safe fallback

action. All value functions are defined on the full state space. The terminal value is zero, and the
optimistic backup is clipped to [0, H − h + 1]. Exact optimization and a fixed tie-breaking rule
determine the executed admissible protocol Πk before episode k. Certificate soundness guarantees
safety independently of comparator availability. The latter affects regret through the episodes in
which the certified action sets exclude a comparator action.

C.1 Confidence Event and Preliminary Lemmas

For each reward factor, let

xτr,e,h = ϕre,h(s
τ
e,h,a

τ
e,h), Y τ

r,e,h = ⟨xτr,e,h, θre,h⟩+ ετr,e,h. (39)

Here xτr,e,h is the observed local feature, Y τ
r,e,h is its factor reward, and ετr,e,h is the centered

measurement noise. The identity-regularized design matrix and least-squares estimate are

Λr
k,e,h = I +

∑
τ<k

xτr,e,h(x
τ
r,e,h)

⊤, θ̂rk,e,h = (Λr
k,e,h)

−1
∑

τ<k
xτr,e,hY

τ
r,e,h. (40)

For each constraint (ℓ, h), let Dg
k,ℓ,h index all constraint observations available before episode k,

including auxiliary observations when supplied by the feedback model. Each measurement has its
own index, including repeated measurements at the same feature. Every observation has a predictable
feature xt with ∥xt∥2 ≤ 1 and response Yt = ⟨xt, θgℓ,h⟩+ εt. Their design matrix and least-squares
estimate are

Λg
k,ℓ,h = I +

∑

t∈Dg
k,ℓ,h

xtx
⊤
t , θ̂gk,ℓ,h = (Λg

k,ℓ,h)
−1

∑

t∈Dg
k,ℓ,h

xtYt. (41)

The noise sequences are conditionally Rr- and Rg-sub-Gaussian, respectively. Their parameters
satisfy ∥θre,h∥2 ≤ Br and ∥θgℓ,h∥2 ≤ Bg .
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For transitions, the normalized feature and response retain the value function fixed before that
transition,

xτP,h = ψ
Vτ,h+1

h (sτh,a
τ
h)/H, Y τ

P,h = Vτ,h+1(s
τ
h+1)/H. (42)

The design and estimator are

ΛP
k,h = I +

∑
τ<k

xτP,h(x
τ
P,h)

⊤, θ̂Pk,h = (ΛP
k,h)

−1
∑

τ<k
xτP,hY

τ
P,h. (43)

Both Vτ,h+1 and xτP,h are measurable before sτh+1 is sampled. Let Hpre
τ,h denote the history im-

mediately before this sample, including the current state and selected action. By linear-mixture
realizability,

E[Y τ
P,h | Hpre

τ,h] = ⟨xτP,h, θ
P
h ⟩.

Since the value function is clipped on every history, including histories outside the confidence event,
Y τ
P,h ∈ [0, 1] and ∥xτP,h∥2 ≤ 1. The centered response is conditionally RP -sub-Gaussian for the

declared conservative choice RP := 1. The bound ∥θPh ∥2 ≤ BP is part of Assumption 3.1.

Allocate failure probability α = δ/[2H(F +m+ 1)] to each regression process. For a process with
design Λ, parameter bound B, and noise parameter R, use

β(Λ;B,R) = B +R
√
log det(Λ) + 2 log(1/α). (44)

The radii βr
k,e,h, βg

k,ℓ,h, and βP
k,h use (Br, Rr), (Bg, Rg), and (BP , RP ), respectively. Any larger

valid radii also satisfy the results below.

For explicit bounds that do not depend on the realized design, define

β(d, n;B,R) := B +R
√
d log(1 + n/d) + 2 log(1/α), d ≥ 1, n ≥ 0. (45)

Here d is the regression dimension and n bounds its sample count. For Λ = I +
∑n′

t=1 xtx
⊤
t , with

n′ ≤ n and ∥xt∥2 ≤ 1, the eigenvalue arithmetic–geometric mean inequality gives log detΛ ≤
d log(1 + n/d). Consequently, the maxima over the first K episodes used in Theorem 5.2 satisfy

βr ≤ max
e∈Er

β(dr,e,K;Br, Rr),

βP ≤ β(dP ,K;BP , RP ), βg ≤ β(dg, ng;Bg, Rg). (46)

Here ng bounds the observations in any one constraint regression. The algorithm uses the design-
dependent radii in (32). These envelopes make their finite-sample and asymptotic dependence explicit.
The comparator margin ∆safe and failure count BK are used only in the analysis.

Define the local predictions r̂k,e,h = ⟨ϕre,h, θ̂rk,e,h⟩ and ĝk,ℓ,h = ⟨ϕgℓ,h, θ̂
g
k,ℓ,h⟩ with the same local

arguments as the true functions.
Lemma C.1 (Simultaneous parameter confidence). With probability at least 1− δ/2, the event

E :=
{
∥θ̂rk,e,h − θre,h∥Λr

k,e,h
≤ βr

k,e,h, ∥θ̂gk,ℓ,h − θgℓ,h∥Λg
k,ℓ,h

≤ βg
k,ℓ,h,

∥θ̂Pk,h − θPh ∥ΛP
k,h

≤ βP
k,h for all k, h, e, ℓ

} (47)

holds, with indices ranging over k ∈ [K], h ∈ [H], e ∈ Er, and ℓ ∈ [m]. Consequently, on E , for
every state, joint action, and bounded value function V ,

|re,h − r̂k,e,h| ≤ βr
k,e,h∥ϕre,h∥(Λr

k,e,h)
−1 ,

|gℓ,h − ĝk,ℓ,h| ≤ βg
k,ℓ,h∥ϕ

g
ℓ,h∥(Λg

k,ℓ,h)
−1 ,

|PhV − P̂k,hV | ≤ HβP
k,h∥ψV

h /H∥(ΛP
k,h)

−1 .

Arguments of the functions have been suppressed in these three inequalities.

Proof of Lemma C.1. For a predictable linear-regression sequence, write εt = Yt−⟨xt, θ⟩ and define
the noise-feature sum S =

∑
t xtεt. With regularization I , the ridge error obeys

θ̂ − θ = Λ−1(S − θ), ∥θ̂ − θ∥Λ ≤ ∥S∥Λ−1 + ∥θ∥Λ−1 ≤ ∥S∥Λ−1 +B.
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The last step uses Λ ⪰ I and ∥θ∥2 ≤ B. For conditionally R-sub-Gaussian noise, the self-normalized
inequality [37, Theorems 1 and 2] therefore gives, simultaneously at every sample size,

∥θ̂ − θ∥Λ ≤ B +R
√

log detΛ + 2 log(1/α)

with probability at least 1 − α. Apply this result to the HF reward processes, the Hm constraint
processes, and the H transition processes. The preceding predictability and boundedness argument
verifies the transition-regression hypotheses. The union bound over these processes has failure
probability at most H(F +m+ 1)α = δ/2.

For any feature vector x, Cauchy–Schwarz gives

|⟨x, θ̂ − θ⟩| ≤ ∥θ̂ − θ∥Λ∥x∥Λ−1 .

Apply this inequality to each reward feature, constraint feature, and x = ψV
h /H . The parameter event

implies the prediction bounds simultaneously for every such vector. In particular, no union bound
over value functions or states is required. The same statement applies to a value function selected
from the data after the parameter event is established.

At the episode’s fixed next-step value function, write bPk,h(s,a) = bPk,h(s,a;Vk,h+1). The confidence
half-widths are

brk,h(s,a) :=
∑

e∈Er

βr
k,e,h∥ϕre,h(se,ae)∥(Λr

k,e,h)
−1 , (48)

bPk,h(s,a) := HβP
k,h∥ψ

Vk,h+1

h (s,a)/H∥(ΛP
k,h)

−1 . (49)

Thus, on E , the optimistic reward and transition-value estimates overestimate their true counterparts
by amounts in [0, 2brk,h] and [0, 2bPk,h], respectively.

C.2 Proof of Theorem 5.1 (Zero Violation)

Lemma C.2 (Soundness of the coupled certificates). On E , every action in Âimm
k,h (s) satisfies

gℓ,h(sIℓ ,aIℓ) ≤ 0 for every ℓ. Every action in Âk,h(s) is therefore safe.

Proof of Lemma C.2. Lemma C.1 implies gℓ,h ≤ Ug
k,ℓ,h for every constraint. Membership in the

immediate certified set provides either zℓ ∈ Z0
ℓ,h, which is safe by the known certificate, orUg

k,ℓ,h ≤ 0,
which implies safety on E . The remaining candidate, a0h(s), is safe by the initial safety certificate.

Proof of Theorem 5.1. The candidate set is nonempty at every state because it contains the fallback
action. The implemented protocol selects a joint action from this set. Lemma C.2 therefore establishes
safety at every episode and step on E , including states reached after previous exploratory actions.
Lemma C.1 bounds the failure probability by δ/2 ≤ δ.

Lemma C.3 (Optimism for an available comparator). On E , if an admissible protocol Π selects
candidate actions at every state-action pair in its reachable support, then Vk,h(s) ≥ V Π

h (s) at every
state reachable under Π at step h. Moreover, Vk,h(s) ≥ V Πk

h (s) for every h, s.

Proof of Lemma C.3. The terminal values are zero. Suppose the assertion for Π holds at step h+ 1,
and let (s,a) be in its step-h support. Every successor with positive transition probability is reachable
under Π. Monotonicity of the true transition kernel and confidence give

rh(s,a) + PhV
Π
h+1(s,a) ≤ rh(s,a) + PhVk,h+1(s,a) ≤ Q̃k,h(s,a).

The left-hand side belongs to [0, H − h+ 1], so clipping the right-hand side to this interval preserves
the inequality. Exact maximization over the candidate actions gives Vk,h(s) ≥ Qk,h(s,a). Because
the protocol is deterministic, the resulting inequality is the required comparison with its Bellman
value. For Πk, its selected actions are candidates at every state and its value recursion is defined on
the full state space, so the same induction applies at every s.
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C.3 Proof of Theorem 5.2 (Regret Bound)

Let brk,h = brk,h(s
k
h,a

k
h) and define bPk,h similarly. Recall χk from (22). Sums over k, h below range

over [K]× [H] unless specified otherwise. Because 0 ≤ Vk,1(ρ) ≤ H , Lemma C.3 implies, on E ,

V Π⋆

1 (ρ)− V Πk

1 (ρ) ≤ Vk,1(ρ)− V Πk

1 (ρ) +Hχk. (50)

The indicator χk concerns the comparator’s complete reachable support, including states that the
learner never visits.
Lemma C.4 (High-probability regret decomposition). With probability at least 1− δ, jointly with E ,

Reg(K) ≤ 2
∑

k,h
brk,h + 2

∑
k,h

bPk,h +HBK +MK,H(δ), (51)

MK,H(δ) :=
√
KH(H + 1)(2H + 1) log(2/δ)/3 ≤ H

√
2T log(2/δ). (52)

Here MK,H(δ) bounds sampling error from the initial states and transitions.

Proof of Lemma C.4. Define the optimistic value error

∆k,h(s) := Vk,h(s)− V Πk

h (s). (53)

On E , Lemma C.3 gives 0 ≤ ∆k,h(s) ≤ H − h + 1. For the action selected by Πk, the clipped
optimistic Bellman backup and the confidence bounds imply

∆k,h(s
k
h) ≤ 2brk,h + 2bPk,h + Ph∆k,h+1(s

k
h,a

k
h). (54)

Indeed, the unclipped optimistic backup is at least rh + PhVk,h+1 ≥ 0 on E , so its lower clipping is
inactive. Upper clipping can only reduce the estimation error. More explicitly, the selected action has
Vk,h = Qk,h ≤ Q̃k,h and

Q̃k,h − rh − PhVk,h+1 = (r̂k,h + brk,h − rh)

+ (P̂k,hVk,h+1 + bPk,h − PhVk,h+1)

≤ 2brk,h + 2bPk,h.

Subtracting V Πk

h = rh + PhV
Πk

h+1 gives (54). All terms use the selected state–action pair.

To apply concentration without conditioning on E , define the nonnegative error function fk,h(s) =
[∆k,h(s)]+, where [u]+ = max{u, 0} denotes the positive part. The function is measurable at the
start of episode k and satisfies 0 ≤ fk,h(s) ≤ H − h + 1 on every history, because both value
functions lie in this interval. On E , fk,h = ∆k,h. Write fk,1(ρ) =

∑
s∈S ρ(s)fk,1(s) and define the

initial-state and transition sampling errors

Zk,0 := fk,1(ρ)− fk,1(s
k
1),

Zk,h := Phfk,h+1(s
k
h,a

k
h)− fk,h+1(s

k
h+1), h = 1, . . . ,H − 1. (55)

Conditional on the preceding history, the initial state is drawn from ρ, and each subsequent state
is drawn from the true transition kernel. Thus, these variables in temporal order are martingale
differences. They satisfy |Zk,0| ≤ H and |Zk,h| ≤ H − h unconditionally. Azuma–Hoeffding
therefore gives ∑K

k=1

∑H−1

h=0
Zk,h ≤ MK,H(δ)

with probability at least 1− δ/2. The sum of squared increment bounds is K
∑H

j=1 j
2 = KH(H +

1)(2H + 1)/6, which gives the closed form in (52).

On E , replacing each conditional next error by its sampled value plus Zk,h in (54) makes the value
errors telescope. Since ∆k,H+1 = 0,

∆k,1(ρ) ≤ 2
∑H

h=1
(brk,h + bPk,h) +

∑H−1

h=0
Zk,h. (56)

Summing this inequality and intersecting with the martingale event bounds its last term by MK,H(δ).
Combining this with (50) and taking a union bound over the confidence and martingale events proves
the claim. The bound

∑H
j=1 j

2 ≤ H3 gives the final inequality in (52).
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Lemma C.5 (Cumulative reward and transition widths). For the actual trajectories,

2
∑

k,h
brk,h ≤ 2βr

√
2FHDrT log(1 +K), (57)

2
∑

k,h
bPk,h ≤ 2HβP

√
2HdPT log(1 +K/dP ). (58)

Proof of Lemma C.5. For vectors x1, . . . , xK ∈ Rd with ∥xk∥2 ≤ 1, let Λk = I +
∑

τ<k xτx
⊤
τ and

uk = x⊤k Λ
−1
k xk, the squared confidence width of xk. Then 0 ≤ uk ≤ 1. The determinant lemma

and u ≤ 2 log(1 + u) for u ∈ [0, 1] imply
∑K

k=1
uk ≤ 2 log detΛK+1 ≤ 2d log(1 +K/d).

The last inequality follows from tr(ΛK+1) ≤ d+K and the arithmetic–geometric mean inequality
for its eigenvalues. By Cauchy–Schwarz,

∑K

k=1
∥xk∥Λ−1

k
≤
√

2Kd log(1 +K/d).

Apply this separately at every (e, h) to the reward features. Summing over H steps, using log(1 +
K/dr,e) ≤ log(1 +K), and applying

∑
e

√
dr,e ≤

√
FDr gives

∑
k,h,e

∥ϕre,h(ske,h,ake,h)∥(Λr
k,e,h)

−1 ≤ H
√
2KFDr log(1 +K).

Multiplying by 2βr and substituting T = KH proves (57).

For transitions, the vectors used in the current width, ψVk,h+1

h (skh,a
k
h)/H , are exactly the predictable

features inserted into ΛP
k+1,h after the transition. They have norm at most one. Applying the same

bound for each h gives
∑

k,h
∥ψVk,h+1

h (skh,a
k
h)/H∥(ΛP

k,h)
−1 ≤ H

√
2KdP log(1 +K/dP ).

Multiply by 2HβP and use T = KH to obtain (58). Separate step-indexed matrices ensure that each
estimate uses samples of its own transition parameter.

Proof of Theorem 5.2. Combine Lemmas C.4 and C.5. The same confidence event proves zero
violation, so the probability statement is joint with Theorem 5.1.

C.4 Proof of Corollary 5.4 (Certification Coverage)

A sufficient feedback model. For example, suppose a safe sensing mechanism supplies one
noisy observation in each coordinate direction of θgℓ,h after every episode, for every (ℓ, h). These
observations have features equal to the coordinate vectors and need not execute the candidate actions.
Their design increment is I , which dominates xx⊤ for every ∥x∥2 ≤ 1. The coverage condition
then holds with at most (dg + 1)K constraint observations per pair, including the executed-action
measurements. This additional sensing model must be specified separately from trajectory feedback.
Its measurement cost remains separate from the stated regret.
Lemma C.6 (Certification of an interior action). On E , if gℓ,h(sIℓ ,aIℓ) ≤ −∆safe and

βg
k,ℓ,h∥ϕ

g
ℓ,h(sIℓ ,aIℓ)∥(Λg

k,ℓ,h)
−1 ≤ ∆safe/2,

then Ug
k,ℓ,h(sIℓ ,aIℓ) ≤ 0.

Proof of Lemma C.6. Parameter confidence implies

Ug
k,ℓ,h ≤ gℓ,h + 2βg

k,ℓ,h∥ϕ
g
ℓ,h∥(Λg

k,ℓ,h)
−1 ≤ −∆safe +∆safe = 0.

Lemma C.7 (Number of uncertified comparator episodes). Under Assumption 5.3, on E ,

BK ≤ 8Hmdg(β
g)2

∆2
safe

log(1 + ng/dg).
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Proof of Lemma C.7. If βg = 0, confidence gives Ug
k,ℓ,h = gℓ,h on E for every tuple and index.

Every safe comparator action is then certified, so BK = 0 and the bound holds. Hence suppose
βg > 0. Assign each episode with χk = 1 to one witness (ℓ, h) supplied by Assumption 5.3. Denote
its feature by xk and write uk = x⊤k (Λ

g
k,ℓ,h)

−1xk. The witness belongs to a nonfallback comparator
action and its tuple lies outside Z0

ℓ,h, so its constraint has the stipulated margin. Since its upper
confidence bound is positive, Lemma C.6 implies

uk > ∆2
safe/[4(β

g)2]. (59)

Also uk ≤ 1, because ∥xk∥2 ≤ 1 and Λg
k,ℓ,h ⪰ I .

Fix a pair (ℓ, h), and let Iℓ,h be its assigned episodes. The covariance-growth condition and mono-
tonicity of the logarithmic determinant give, for each assigned episode,

log detΛg
k+1,ℓ,h − log detΛg

k,ℓ,h ≥ log(1 + uk) ≥ uk/2.

All design increments are positive semidefinite, including increments in unassigned episodes. Sum-
ming only the assigned increments is therefore at most the full determinant increase. Padding features
with zeros when needed gives dimension dg , and at most ng observations of norm at most one yield

∑
k∈Iℓ,h

uk ≤ 2 log detΛg
K+1,ℓ,h ≤ 2dg log(1 + ng/dg).

Combining this with (59) bounds |Iℓ,h| by 8dg(β
g)2∆−2

safe log(1 + ng/dg). Each episode with an
unavailable comparator action is assigned once, so summing over the Hm pairs proves the result.
This argument charges only design growth from observations actually collected.

Proof of Corollary 5.4. Substitute Lemma C.7 into Theorem 5.2. Fix H , F , m, the regression
dimensions, the parameter and noise bounds, ∆safe > 0, and δ ∈ (0, 1). If ng is polynomial in
K, the explicit envelopes in (46) give βr, βP , βg = O(

√
log(1 +K)). The certification term is

therefore O(log2(1 +K)), while estimation and sampling contribute at most O(
√
K log(1 +K)).

Both contributions are sublinear in K.

Necessity of informative safe feedback. A globally safe fallback and a positive margin do not
suffice for sublinear regret under arbitrary trajectory-only feedback. The following construction
makes this information requirement explicit.
Proposition C.8 (Safe feedback need not identify a better safe action). There is a pair of one-
state, one-step linear-constraint problems with a known safe fallback such that every algorithm
guaranteeing zero violation with probability at least 1− δ on both problems has expected regret at
least (1− δ)K on the problem whose optimal action is strictly safe.

Proof of Proposition C.8. Let the actions be a0 and ac, with known rewards zero and one. Use
constraint features ϕg(a0) = (1, 0)⊤, ϕg(ac) = (0, 1)⊤, and parameters θg± = (−1,±γ)⊤ for
0 < γ ≤ 1. Take noiseless constraint observations, so Rg = 0, and the valid norm bound Bg =

√
2.

Thus a0 is a known safe fallback in both problems, whereas ac is safe with margin γ only in the
minus problem. Constraint measurements are obtained only by executing the corresponding action.
Fallback measurements have identical laws in the two instances.

Write P± and E± for probability and expectation under the respective parameters. Let τ be the first
episode in which ac is executed. All observations before τ have identical laws, so P−(τ ≤ K) =
P+(τ ≤ K). Uniform safety in the plus problem requires the latter probability to be at most δ. If
Nc(K) is the number of candidate executions, then

E− Reg(K) = K − E−Nc(K) ≥ K
(
1− P−(τ ≤ K)

)
≥ (1− δ)K.

The features have norm one and the parameter norm is at most
√
2. Thus a positive comparator margin

and global fallback do not make the untried candidate identifiable from the available observations.

Coverage must also concern the comparator’s reachable states, which can differ from those visited by
the learner. Consider a two-step problem with two known-safe actions at the initial state. Action L
gives reward 1/2 and leads to a state with only a zero-reward fallback. Action R gives reward zero
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and leads to a different state with a zero-reward fallback and a candidate action of reward one. The
candidate is truly safe with positive margin, but its constraint feature is not observed or spanned by
the observations obtained along the L branch. Even with known rewards and transitions, pessimistic
planning can select L in every episode while the optimum selects R and the candidate. Regret is
then K/2. No certification failure occurs at the states actually visited by the learner, although the
comparator is uncertified on its own reachable set in every episode. Thus BK must account for
uncertified comparator actions beyond the learner’s visited states.

C.5 Regret under Certified Approximate Planning

For a state-uniform error bound εk,h ≥ 0, suppose an implementable planner returns a certified action
ãk,h(s) ∈ Âk,h(s) satisfying

max
a∈Âk,h(s)

Q̃k,h(s,a)− Q̃k,h(s, ãk,h(s)) ≤ εk,h. (60)

Define Vk,h(s) to be the clipped score achieved by this action, and use these values in the normalized
transition regressions. Clipping is nondecreasing and one-Lipschitz, so it preserves the score-error
bound. Membership in the candidate set preserves safety.

For χk = 0, let a⋆ = Π⋆
h(s) at a comparator-reachable state. Confidence and (60) give

Q̃k,h(s, ãk,h(s)) ≥ rh(s,a
⋆) + PhVk,h+1(s,a

⋆)− εk,h.

The sum rh + PhVk,h+1 lies in [0, H − h+ 1], so clipping the left side preserves this lower bound.
Subtracting it from the comparator Bellman recursion gives

V Π⋆

h (s)− Vk,h(s) ≤ εk,h + Ph(V
Π⋆

h+1 − Vk,h+1)(s,Π
⋆
h(s)) (61)

at comparator-reachable states. Backward induction bounds this difference by
∑H

t=h εk,t. The
optimism and Bellman-error argument for the actually executed protocol is unchanged. Its selected
action defines its optimistic value at each state, and the induction does not require that action to be an
exact maximizer. Hence the general regret bound gains at most

∑K

k=1

∑H

h=1
εk,h. (62)

This accumulated planning error is at most KHε for a uniform error bound ε. The output must
remain certified feasible because reward-regret control alone does not ensure safety.

C.6 Role of instantaneous constraints in the regret proof

The proof combines return estimation from adaptive trajectories with feasible-action certification and
execution of one joint policy. Standard optimistic-RL tools control return estimation. Applying these
tools to the optimal admissible safe protocol also requires certification and implementability, which
determine the extra assumptions for sublinear regret.

Predictable regression and value-dependent queries. The transition model has one fixed finite-
dimensional parameter θPh at each step. The observations in (10) satisfy a linear regression with that
same parameter, although the historical values Vτ,h+1 change across episodes. Each value function is
fixed before its associated next state is sampled. Thus its centered response is conditionally mean
zero, and the self-normalized parameter bound in Lemma C.1 applies to the adaptive features [37].
On that single confidence event, Cauchy–Schwarz gives, simultaneously for every (s,a) and every
function V : S → [0, H],

∣∣P̂k,hV (s,a)− PhV (s,a)
∣∣ ≤ HβP

k,h∥ψV
h (s,a)/H∥(ΛP

k,h)
−1 . (63)

The query V may therefore depend on the current data and certified sets. No additional probability
union over those queries is needed. The factor H converts the normalized response back to return
units. The design must still contain the normalized features used in the observations. This is a
value-targeted linear-mixture regression, in the model-based framework of Ayoub et al. [10], rather
than a regression that relabels all previous transitions with the current value function.
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Why a covering-number argument cannot be transferred unchanged. LSVI-UCB estimates
Bellman targets using the current value function on previously collected next states. Its uniform
concentration argument controls a class of possible value functions through a covering number [41,
full version, Lemmas B.3, D.4, and D.6]. With instantaneous constraints, the maximization set also
depends on the data. A covering of the optimistic action-value functions alone need not cover their
maxima over changing safe sets. Roknilamouki et al. [6, Theorem 5.2 and Lemma 5.3] identify this
obstruction and derive suitable bounds under additional geometric conditions. Equation (63) avoids
that step by estimating a fixed transition parameter from predictable historical targets. It does not
repair an arbitrary constrained-LSVI analysis, and it is not justified merely by having finite action
sets. If historical targets were recomputed using Vk,h+1, the martingale argument above would no
longer apply without a separate uniform concentration analysis.

Optimism, safety uncertainty, and certification loss. The reward and transition bonuses compen-
sate their respective prediction errors, whereas Ug is an upper bound used to enforce feasibility. It is
not subtracted from reward as a tunable penalty. On E , the complete backup over a selected action
satisfies

0 ≤ Q̃k,h − rh − PhVk,h+1 ≤ 2brk,h + 2bPk,h. (64)

This inequality bounds the optimistic backup error by the reward and transition confidence widths.
All terms use the same state–action arguments. Backward induction then proves optimism for the
executed certified policy. The comparator induction applies when the actions of Π⋆ are available on
its entire reachable support. Episodes with χk = 1 instead incur the explicit allowance Hχk, whose
sum is HBK . This certification cost appears only in the regret analysis. Increasing reward optimism
alone does not, in general, eliminate this certification loss.

Safety-related exploration bonuses can serve a different role under different assumptions. The
safe-subgraph method of Shi et al. [5] uses additional bonuses for current transition uncertainty
and the effects of future and past safety uncertainty, together with known transition supports and
geometric conditions. Our main model uses an all-state fallback and an explicit safe-information
condition instead. Those bonuses do not by themselves establish coverage in our feedback model.
Proposition C.8 exhibits linear regret when fallback observations cannot certify a better safe action.

Elliptical potential and certification counts. The usual tabular counting argument controls sums
of inverse-count uncertainty widths in terms of the number of state–action pairs. Its linear counterpart
bounds accumulated design-matrix widths through the logarithmic determinant. The transition width
at an executed action uses exactly the feature added to the next design matrix, which is essential in
Lemma C.5. Reward matrices are separate across factors and steps. Summing their widths produces
the dimension factor

√
FDr, with horizon dependence shown explicitly in (57).

An uncertified comparator action need not be executed by the learner, so its uncertainty cannot
be charged to a visit count without further information. Assumption 5.3 supplies actual positive
semidefinite design growth in a failed comparator direction x. For βg > 0, a failure with margin
∆safe implies x⊤(Λg

k,ℓ,h)
−1x > ∆2

safe/[4(β
g)2]. The determinant bound then limits the number of

failures. The tabular analogue in Proposition 5.6 charges observations to local configurations that can
be reused across many joint actions. Neither bound can charge unobserved tuples.

Concentration and the dependence on the horizon. Three concentration steps have distinct roles.
Conditional sub-Gaussian noise and self-normalized concentration control the regressions, including
adaptive feature choices. Hoeffding’s lemma ensures that a centered normalized next-state value is
1-sub-Gaussian because its response lies in [0, 1]. The separately specified reward and constraint noise
bounds need not assume bounded observations. Finally, Azuma–Hoeffding controls the difference
between conditional next-state errors and sampled errors, including the random initial state. The
functions [∆k,h]+ in (55) are bounded on every history. The martingale event is therefore established
unconditionally and only then intersected with the confidence event E .

The resulting bonuses use range bounds rather than conditional variances. Bernstein-based bonuses
can sharpen horizon dependence in tabular RL [9, Algorithms 2–4 and Theorems 1–2], but they
require a valid variance estimate and control of its error. Such a replacement here would need a
corresponding variance-sensitive regression and regret proof. Substituting a smaller radius alone is
unjustified. Theorem 5.2 therefore states the rate established by the range-based analysis without
claiming minimax-optimal dependence on H . Instantaneous constraints enter this proof through
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admissible actions, comparator certification, and safe information acquisition, while the concentration
inequalities retain their stated probabilistic assumptions.

D Proof of Theorem 5.5 (Necessity Lower Bounds)

These one-state, one-step constructions separate unstructured joint-action complexity, missing initial
safety information, and statistical uncertainty near the constraint boundary.

Theorem D.1 (Unstructured joint-action lower bound). For A ≥ 2, K ≥ AN , and any learning
algorithm, there is a one-state, one-step cooperative game with N agents, A actions per agent, all
joint actions safe, and expected regret at least c

√
ANK, with the universal choice c = (16

√
2)−1.

Proof of Theorem D.1. Use one global reward factor and let M = AN ≥ 2. Identify the joint actions
with the arms of an M -armed stochastic bandit. In instance j ∈ [M ], arm j has Bernoulli mean
1/2 + ϵ and the other arms have Bernoulli mean 1/2, so ϵ > 0 is the optimal arm’s reward advantage.
Let instance 0 have all means 1/2, and write Nj(K) for the number of plays of arm j. Let Pj be the
law of the complete interaction on instance j, including the learner’s randomization, and let Ej denote
expectation under this law. Write KL for relative entropy and kl for its Bernoulli specialization. The
chain rule and kl(1/2, 1/2 + ϵ) ≤ 4ϵ2 for 0 < ϵ ≤ 1/4 give

KL(P0∥Pj) ≤ 4ϵ2E0Nj(K).

Since Nj(K) ∈ [0,K], Pinsker’s inequality implies

EjNj(K) ≤ E0Nj(K) +K
√
2ϵ
√

E0Nj(K).

Summing over j and using
∑

j Nj(K) = K yields

1

M

∑M

j=1
EjReg(K) ≥ ϵK

(
1− 1

M
−
√
2ϵ
√
K/M

)
.

Choose ϵ = (4
√
2)−1

√
M/K ≤ 1/4. The bracket is at least 1/4, so the average regret is at least

(16
√
2)−1

√
MK. At least one instance has this regret. The safety constraints may be identically −1,

so the lower bound applies even when safety is completely known. It concerns the unstructured reward
class and does not establish the same dependence for a fixed-dimensional structured model.

Theorem D.2 (Initial information is necessary for stringent safety). Without any initial safety
certificate or safety information before the first action, some instance has first-action violation
probability at least 1/2. Thus a uniform 1− δ zero-violation guarantee is impossible for δ < 1/2.

Proof of Theorem D.2. Consider two one-state, one-step instances with two actions and identical
information before the first action. In the first instance, only action one is safe, and in the second, only
action two is safe. If the algorithm chooses action one with probability p, its violation probabilities in
the two instances are 1− p and p. Their maximum is at least 1/2. Both instances admit a safe action.
The impossibility is caused by the absence of information identifying which action is safe.

Theorem D.3 (Safety-margin dependence of nontrivial certification). Let Y1, . . . , Yn be independent
N (θ, 1) observations, where θ ∈ {−γ,+γ} and γ > 0. A candidate action has linear constraint
g(a) = θ. If a rule declares it safe with probability at least 1− δ when θ = −γ and at most δ when
θ = +γ, where 0 < δ ≤ 1/4, then

n ≥ kl(1− δ, δ)

2γ2
= Ω

(
log(1/δ)

γ2

)
.

The observations may be supplied without executing the candidate.

Proof of Theorem D.3. Let P− and P+ be the laws of the observations under −γ and +γ. The
Gaussian relative entropy is

KL(P−∥P+) = 2nγ2.
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Let C be the event that the rule declares the candidate safe. Data processing gives

2nγ2 ≥ kl(P−(C),P+(C)) ≥ kl(1− δ, δ).

The stipulated probability bounds imply the last step by monotonicity of binary relative entropy.
Finally, kl(1− δ, δ) = (1− 2δ) log((1− δ)/δ) has order log(1/δ) when 0 < δ ≤ 1/4.

This is a lower bound for simultaneous soundness and successful certification. Without the latter
condition, always refusing to certify is a zero-sample rule. Because the construction already grants
safe measurements, the bound also applies when the learner receives less information.

E Planning and Distributed Coordination

E.1 Factorization of the complete optimistic score

The linear model and the planning factorization impose different requirements. Linear realizability
controls statistical estimation but does not imply that an optimistic Bellman score has small action
scopes. For example, the transition-value term PhV (s,a) can depend on all actions even when the
immediate reward decomposes locally. The norm in a transition confidence bonus can introduce
additional couplings. We therefore require a factorization of the complete, unclipped score,

Q̃k,h(s,a) =
∑

f∈FQ
k,h

qk,h,f (sJf
,aIf ), (65)

Here FQ
k,h indexes the real-valued score factors qk,h,f , whose action and state scopes are If and Jf .

For any agent sets I, J ⊆ [N ], write

AI :=
∏

i∈I
Ai, projJ S := {sJ : s ∈ S}. (66)

These are the local action alphabet and the possible local state inputs. An empty scope has the
single empty tuple as its input. Thus factor f is evaluated on projJf

S × AIf . The local tables
in this representation must be available to the planner. Their construction, including evaluation of
transition-value features, is part of the computational cost. In particular, evaluating a feature such as
ψV
h (s,a) =

∑
s′ ϕ

P
h (s

′ | s,a)V (s′) may require summation over the next-state space.

The score in (65) is the quantity optimized before value clipping. For a fixed state and step, the map
z 7→ max{0,min{H − h+ 1, z}} is nondecreasing. Consequently, a maximizer of Q̃k,h is also a
maximizer of the clipped score. The clipped function itself need not have an additive factorization.

Each immediate safety constraint defines a hard feasibility factor

ck,ℓ,h(sIℓ ,aIℓ) =

{
0, zℓ ∈ Z0

ℓ,h or Ug
k,ℓ,h(zℓ) ≤ 0,

−∞, otherwise.
(67)

Here zℓ = (sIℓ ,aIℓ), so initial and statistical certificates enter the same local feasibility factor.
Its value −∞ excludes an uncertified tuple from the maximization. Maximizing the sum of the
score factors and these feasibility factors solves the optimization over Âimm

k,h (s) whenever this set is
nonempty. To evaluate the known fallback separately, compute Q̃k,h(s,a

0
h(s)) and compare it with

the certified optimum. This comparison implements optimization over Âimm
k,h (s) ∪ {a0h(s)} without

introducing a global disjunctive constraint into the factor graph.

State inputs and the physical communication graph. The action scopes If define the primal graph
used for elimination. The state scopes Jf determine which observations are needed to instantiate a
factor. A junction tree groups action variables into bags and specifies logical separator messages.
The physical graph Gcomm instead specifies one-round communication links between agents. Bags
have computing hosts, and logical messages can be routed through agents outside their action scopes.
These objects need not coincide. Hard safety factors use Jf = If = Iℓ, whereas score factors may
use different state and action scopes.

For binary local states and a binary action a1, consider the score

q(s,a) = 1{a1 = s1 ⊕ · · · ⊕ sN} (68)
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This factor has action width zero and state scope [N ]. Here ⊕ denotes addition modulo two, so its
right-hand argument is the parity of the local state bits. It can arise as the first-step Bellman term of a
known two-step model. The initial reward is zero, agent 1’s next state equals the displayed indicator,
and the other next local states are fixed. The terminal reward is agent 1’s local state. All actions may
be safe. A parity summary can avoid transmitting the raw global state to every agent, but it must
convey information from all N inputs. Action width alone does not ensure local state access.

A direct encoding of one realized global state uses at most
∑

i⌈log2 |Si|⌉ bits before routing and
headers. A tabular value function instead has |S| entries. An exponential state-space cardinality does
not by itself imply exponential communication of one realized state.

E.2 An exact protocol for overlapping scopes

Write N comm
i := {j : {i, j} ∈ Ecomm} for agent i’s physical neighbors. With integer round budget

0 ≤ Rk,h ≤ Rh, a deterministic protocol at episode k and step h uses the message and action maps

M t
i→j,k,h = µt

i→j,k,h

(
si, {Mu

v→i,k,h : v ∈ N comm
i , u < t}

)
, {i, j} ∈ Ecomm, (69)

ai = πi,k,h
(
si, {Mu

v→i,k,h : v ∈ N comm
i , u ≤ Rk,h}

)
. (70)

Here M t
i→j,k,h is the round-t message and a = (ai)i∈[N ] = Πk

h(s) is the final joint output. The
maps and episode-specific model information are fixed using the training history before the episode.
Their evaluation during execution uses only the local state and permitted messages. Thus Πk

h(s) is
the maps’ joint output, computed without a global-state policy-table lookup.

Before episode k: construct and distribute one fixed protocol

Observed trajectories
−→ estimates and

confidence sets

Backward Bellman values
and factor functions

qk,h, f , ck,ℓ,h

Install local evaluators,
message programs,
tie rules, and routes

At each step h: evaluate the fixed protocol at the current local states

Route required
state inputs sJ f

and evaluate the
whole fallback

Upward pass:
conditional scores

and a separate
fallback aggregate

Root selects
certified optimum
or whole fallback

for all agents

Downward pass:
recover consistent

assignments;
act simultaneously

Models and value functions stay fixed within the episode.
New observations update the estimates for the next episode.

Figure 3: Execution of a fixed certified protocol. Pre-episode training fixes the model estimates, value
functions, certificate maps, and factor programs. At the realized state, agents route local state and
fallback inputs to their designated hosts. The upward pass aggregates conditional certified scores and
the whole fallback’s separate score. The root makes one common branch choice. The downward pass
recovers consistent shared actions, which are delivered before simultaneous execution. Evaluating
the current-state factors uses the fixed episode maps and does not refit the model.

Exact variable elimination solves the factorized optimization through conditional maximizations over
action variables [38]. Exact implementability is a condition on one state-contingent protocol over
the entire state space. Selecting a feasible action separately at each global state is insufficient if the
resulting selections cannot be implemented from the agents’ information. A sufficient implementation
uses a junction tree of the full action-factor graph, together with routing over Gcomm that permits
each factor to be instantiated and every required message to be delivered before execution.

Let T = (B, ET ) be a rooted junction tree. Each bag b ∈ B contains a set Bb of action variables,
every factor scope lies in at least one bag, and bags containing any given variable form a connected
subtree. Let b0 be the root, p(b) the parent of a nonroot bag, and ch(b) := {c : p(c) = b} its children.
Assign each score or feasibility factor to exactly one bag containing its scope. At the current state, let
Fb(aBb

) denote the sum of the factors assigned to bag b. For a nonroot bag b with parent p(b), write
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Sb = Bb ∩Bp(b) for its separator. Its upward message is the conditional subtree optimum,

mb→p(b)(aSb
) = max

aBb\Sb

{
Fb(aBb

) +
∑

c∈ch(b)
mc→b(aSc)

}
. (71)

For each separator assignment, the bag stores a maximizing assignment of its remaining variables.
Fix a total order on each finite action alphabet and use the increasing agent-index order within
each bag to select the lexicographically first maximizing residual assignment. The root uses the
same convention for its bag assignment. These choices and fallback priority on a score tie define
the induced deterministic tie rule. Each upward message also carries the sum of the score factors
evaluated at the whole fallback in its subtree, excluding hard feasibility factors from this scalar. The
root obtains the certified optimum and the fallback score before selecting either branch, with fallback
priority on a tie. An empty certified set has value −∞ and therefore selects the fallback. The root
sends one common branch flag down the tree. On the certified branch it also sends its separator
assignments. Each child retrieves the maximizing assignment conditioned on the received separator
and continues the pass. The running-intersection property ensures that each shared action variable
has one value in every bag containing it. Output bags deliver each action and the common branch
flag before the prescribed execution time.

Overlapping safety scopes thus share the same action variable throughout the optimization. They
cannot select incompatible actions for a shared agent. The downward assignment pass is essential
because independently selecting local maximizers can yield inconsistent actions under ties. A
unilateral switch to a fallback component can violate a coupled constraint, even when both whole
joint assignments are safe. The protocol assumes reliable, synchronous delivery and does not provide
fault-tolerant commitment. Loopy max-sum alone does not guarantee exact optimization.

The order of elimination and message passing specifies computational dependencies. All agents share
the team objective, and no follower best-response map is imposed. With exact optimization, the order
can change runtime and the selected maximizer under ties, but not the optimal value or feasible set.
This differs from a Stackelberg game, where the commitment order is part of the strategic model.
Theorem 5.2 applies to every such exact, implementable planner. Corollary 5.4 additionally requires
its coverage condition. Different tie choices can produce different observations and realized regret.

Example of shared-action consistency and branch selection. Consider binary actions with
certified constraints a1 = a2 and a2 = a3, score factors (1 − a1)/3 and 2a3/3, and fallback 000.
Assign the first factor and constraint to bag BL = {1, 2} and the second pair to bag BR = {2, 3}.
Independent maximization selects a2 = 0 in the left bag and a2 = 1 in the right bag. Instead, root the
junction tree at BL. The right bag sends the score row mR→L and its fallback score 0, while storing
the conditional actions a⋆3 locally as follows,

a2 0 1
mR→L(a2) 0 2/3
a⋆3(a2) 0 1

(72)

The root compares total scores 1/3 for a1 = a2 = 0 and 2/3 for a1 = a2 = 1, together with the
fallback score 1/3. It selects the certified branch and sends a2 = 1 downward, recovering 111. If
the physical graph is 1 − 2 − 3 and the bags are hosted at agents 1 and 3, a logical tree message
traverses two physical edges, and the chosen component must also reach agent 2. Both 000 and 111
are safe, whereas a componentwise mixture such as 101 is unsafe. Thus provisional local choices and
individual fallback switches cannot replace the common branch and conditional assignment.

E.3 Cost of action selection and state-dependent planning

Let F contain all score and feasibility factors in the current planning problem. The primal action
graph joins any two agents whose actions occur in the same factor. Let ω be the induced width of the
selected elimination order, Amax = maxi |Ai|, and rmax = maxf∈F |If |. The induced width is the
largest number of remaining neighbors of an eliminated variable after fill edges are added. Minimizing
it over elimination orders gives treewidth. Local table construction takes at most

∑
f∈F A

|If |
max factor

evaluations. After those tables are available, exact variable elimination requires

O
(
poly(N, |F|)Aω+1

max

)
(73)
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arithmetic operations per state. This bound includes the scopes of transition values and confidence
bonuses. The immediate safety graph alone is insufficient to determine ω.

A reduced junction tree with bags of size at most ω + 1 has separator messages with at most Aω
max

scalar entries. An upward pass and downward assignment pass use O(|B|) logical messages and
O(diam(T )) synchronous junction-tree rounds. These counts assume that each logical tree edge can
transmit its message in one round. Realizing them over Gcomm adds routing latency and congestion.
Gathering the state variables in Jf , constructing local tables, and agreeing on the fallback comparison
also require permitted communication. These table bounds count scalar entries, rather than bits.
Appendix I.2 gives bit-traffic and edge-capacity bounds for certified score quantization.

The computational benefit therefore concerns action optimization at a fixed state. Tabular backward
planning evaluates H|S| state-step pairs, in addition to the cost of constructing transition-value
features. Since S can contain the full product

∏
i Si, this state-space cost can itself be exponential

in N . An implementation may instantiate the current state’s action factors and solve its action
optimization only when that state is visited. This avoids storing unused action tables, but does not
remove the need to obtain the future value functions used in the Bellman score. The present analysis
does not establish efficient planning over an arbitrarily large factored state space.

Small scopes alone do not ensure small induced width. For example, all-to-all pairwise factors have
scopes of size two but induce a complete primal graph with ω = N − 1. A factor containing all
action variables also gives a complete primal graph. In these cases the generic elimination bound is
exponential in N . Other graphs with many edges can have different widths, so the relevant parameter
is the chosen induced width. Special algebraic structure may permit additional reductions, but is not
implied by the scope-based representation used here.

E.4 Proof of Proposition E.1 (Planning Equivalence)

The pre-episode planner and the execution protocol operate on different inputs. Before episode k, the
learner fixes its estimates, confidence sets, certificate maps, and the value functions Vk,h through the
backward recursion. It also fixes the complete score-factor maps, their hosting agents, routes, message
schedule, and deterministic tie rules. At step h, the numeric tables qk,h,f (skJf ,h

, ·) and ck,ℓ,h(skIℓ,h, ·)
depend on the newly observed local states and are instantiated at their hosts. Upward maximization,
fallback comparison, downward assignment, and output delivery are then computations performed
during execution. Observations from this episode are stored for subsequent model updates and do not
alter the maps used to make the current episode’s decisions.

Define the immediate certified-set optimum and the whole-fallback score by

M imm
k,h (s) := max

a∈A

{∑
f∈FQ

k,h

qk,h,f (sJf
,aIf ) +

∑m

ℓ=1
ck,ℓ,h(sIℓ ,aIℓ)

}
, (74)

M0
k,h(s) := Q̃k,h(s,a

0
h(s)). (75)

The certified-set optimum is −∞ when the immediate certified set is empty. Since the fallback is
always a candidate and has finite score,

max
a∈Âk,h(s)

Q̃k,h(s,a) = max{M imm
k,h (s),M0

k,h(s)},

Vk,h(s) = clip[0,H−h+1]

(
max{M imm

k,h (s),M0
k,h(s)}

)
.

(76)

Thus the local constrained optimization, followed by a separate fallback comparison, implements the
Bellman action set exactly. The known fallback is evaluated using only score factors and need not
pass the statistical hard factors. If recursive continuation is imposed as in Appendix F, its test must
also occur among the feasibility factors, with its full scope.
Proposition E.1 (Equivalence of precomputation and exact evaluation). Fix the training history
before episode k. Suppose that the values, certificate maps, complete score factors, fallback, and
coordination program of Proposition I.1 are fixed from that history at every step. Use the same
induced deterministic tie rule in all evaluations. Then tabulating the program’s output for every state
and evaluating the program only at the realized states produce the same joint action and clipped
score at every state. If the program satisfies the communication budget, its evaluation at realized
states is a single admissible protocol and requires no centralized global-state table lookup. Exact
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caching of its factor tables also leaves its output unchanged. Caches are indexed by episode, step,
factor, and the factor’s local state input, or invalidated when the corresponding map changes.

Use the same rule for acquiring any auxiliary safety observations in both implementations. Con-
sequently, coupling the initial states, transition randomness, and feedback in the two evaluation
schedules gives identical trajectories and regression updates. The statistical guarantees are un-
changed by this choice of evaluation schedule.

Proof of Proposition E.1. Conditional on the pre-episode history, every value function, factor map,
route, and tie rule in the program is fixed. At any state s, a factor therefore has the same entries
whether they are computed in advance, read from an exact cache, or evaluated when the state is
encountered. The fallback protocol likewise induces the same component actions. Induction through
the fixed upward message dependencies gives the same separator tables and fallback score at the
root. The root comparison and the downward conditional assignments use the same tie rules, so they
recover the same joint action and clipped maximum. The construction in Proposition I.1 expresses
every message and output using permitted local information, without querying the reference all-state
table.

The equality holds for every state, including states not yet visited. With common initial-state and
transition randomness, induction over environment steps gives the same states and actions. Coupling
the feedback gives the same observations. Because the two schedules use the same fixed Vk,h+1, they
also produce identical normalized transition features and responses in (10). Model updates at the
end of the episode are therefore identical. Repeating this argument conditional on each subsequent
training history proves the final claim.

This equivalence requires exact evaluation of the fixed episode functions, including their successor-
state dependencies. The feature ψVk,h+1

h (s,a) can require values at many next states. Memoization is
valid only when all requested dependencies are evaluated and accessible. Arbitrary values at unvisited
successors or model refitting during the episode would change the policy. Exact caching need not
reduce the worst-case state-space computation. In particular, the finite-state implementation still
computes H|S| value entries. An all-state joint-action table alone does not establish a decentralized
lookup rule, because the agents may lack the information needed to identify its global-state row.

State scope, representation, and distribution cost. Action scopes If determine the induced width
of elimination. State scopes Jf determine which current observations a factor host requires and need
not equal If . Let Fk,h contain all score and hard feasibility factors at episode k and step h. If every
factor is stored as a local table for all of its possible inputs, the number of entries is

∑H

h=1

∑
f∈Fk,h

| projJf
S|
∏

i∈If
|Ai|. (77)

Hard safety factors have Jf = If = Iℓ, and fallback storage is counted separately. Formula (77)
measures the tabular storage cost. A compact exact evaluator may use less storage, but its construction
and internal evaluation cost must still be counted. Loading these maps or tables at their designated
agents is pre-episode communication, excluded from the runtime round bound in Proposition I.1.
Local action scopes do not by themselves bound storage or distribution costs. A transition-value
factor can depend on the global state even with a single action input.

E.5 Sparse and dense forms of the motivating applications

The robotic and wireless examples illustrate the constraint structure. Their finite-state, finite-action
versions fall within the formulation only when the stated feature and feedback assumptions also hold.
At a fixed horizon, a common shift and positive scaling into [0, 1] preserve policy ordering.

For collision avoidance, consider discretized robot states and controls and a constraint

gij,h(s{i,j}, ai, aj) = d2min − ∥p+i,h(si, ai)− p+j,h(sj , aj)∥22 ≤ 0. (78)

Here dmin > 0 is the required separation, and p+i,h(si, ai) is robot i’s next-position vector associated
with the local state and control. The constraint has pairwise action scope. It guarantees separation at
the next sampled time only when the positions p+i,h describe the actual next positions, or when a valid
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Phase Computation and information Cost accounting

Before episode k Use Hk−1 to fix estimates, certificates, and all Bell-
man values. Compile and distribute the factor eval-
uators, fallback maps, hosts, routes, schedule, and
tie rules.

H|S| value entries in the tabular
implementation. Factor construc-
tion, storage, and distribution are
additional pre-episode costs.

Input acquisition at
step h

Evaluate the fallback without acting. Route the
current state components required by each factor
and the fallback components needed for its score to
the designated hosts.

At most R0 + rin rounds under
the vector-message model. Pay-
load and routing loads are sepa-
rate resources.

Factor instantiation Evaluate qk,h,f (s
k
Jf ,h, ·) and the exact local feasi-

bility indicators from the frozen episode maps.
At most

∑
f A

|If |
max factor evalua-

tions. Internal evaluation cost is
not included in this count.

Upward pass Compute conditional maximum-score tables and
stored maximizing assignments. Aggregate the
whole fallback’s score separately.

At most DG rounds. Separator
tables have at most Aω

max score
entries.

Joint assignment
and delivery

The root selects the certified candidate or the fall-
back. Propagate separator assignments or the com-
mon fallback flag, then deliver each selected com-
ponent to its owner.

At most DG + rout rounds. All
agents wait until the prescribed
delivery phase has completed.

Environment action
and feedback

Execute the committed components simultaneously
and record rewards, constraint measurements, and
the transition sample using the frozen Vk,h+1. Incor-
porate feedback into the next episode’s estimates.

One environment step. The regret
horizon counts these steps and ex-
cludes communication and com-
putation time.

Table 4: Pre-episode planning and execution-time evaluation of one fixed certified protocol. Caching
can replace exact table evaluations without changing the policy. It does not eliminate the need for
future values or the communication needed to coordinate the current joint action.

robust bound accounts for prediction error. Local collision constraints on a chain have bounded width
if the optimistic value factors preserve that chain structure. Requiring pairwise collision checks for
every robot pair instead gives a complete safety graph. A formation constraint involving all robots
gives a global factor. These cases illustrate how coordination can remain expensive even though each
physical action is local. A geometric-neighbor description alone does not guarantee bounded width.

For wireless resource allocation, let the finite action of transmitter i include a quantized power pi. An
interference constraint at receiver j with transmitter scope Ij may take the form

gj,h(sIj ,aIj ) =
∑

i∈Ij\{j}
Hij,hpi − Imax

j ≤ 0. (79)

Here Hij,h is the interference-channel power gain from transmitter i to receiver j at step h, and
Imax
j is its interference limit. Small interference neighborhoods can yield small factors, but a

sparse implementation still requires bounded width of the complete planning graph. Network-wide
interference or a shared total-power constraint can introduce a large factor. Some additive resource
constraints admit specialized resource-indexed dynamic programs, so a large factor does not by itself
establish intrinsic computational hardness. These examples specify constraint structures and their
computational consequences. Controlled numerical evaluations appear in Appendix K.

F Backward Safety Certification and Robust Viability

The main analysis assumes a fallback that is safe at every modeled state and step. Hence, after any
immediately safe action, at least one safe action is available at the next step. A transition-based
viability test is unnecessary for this model. A different construction is required when the application
specifies a terminal safe set, excludes states without safe actions, or restricts the fallback’s domain.

For this extension, let XH+1 ⊆ S be a supplied terminal safe set. An explicit immediate-certificate
set is

Acert
k,h (s) := Âimm

k,h (s), (80)

using (14) with sound local initial certificates. Unlike the main candidate set, this set need not contain
a fallback and can be empty. Known-safe pairs from a restricted fallback may be included in the
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initial certificates only where its immediate safety is known. The viability argument below also
applies to any other immediately safe certificate set.

Define the admissible parameter intersection and its kernel confidence set by

Θ̂P
k,h :=

{
θ ∈ ΘP

h : ∥θ − θ̂Pk,h∥ΛP
k,h

≤ βP
k,h

}
,

CP
k,h :=

{
{Pθ : θ ∈ Θ̂P

k,h}, Θ̂P
k,h ̸= ∅,

{Pθ : θ ∈ ΘP
h }, otherwise.

(81)

Here Pθ is the transition kernel induced by parameter θ. The set ΘP
h contains the valid-kernel

parameters specified in Section 3.3. It is nonempty because it contains the true parameter. On the
simultaneous confidence event, θPh ∈ Θ̂P

k,h and Ph ∈ CP
k,h. The second branch makes the kernel set

nonempty even when the intersection is empty off that event. It conservatively restores the full prior
kernel family, without providing a safe recovery action or establishing recursive feasibility. Define
the backward recursion

Xk,H+1 = XH+1, (82)

LP
k,h(Xk,h+1 | s,a) = inf

P∈CP
k,h

P (Xk,h+1 | s,a), (83)

Arec
k,h(s) =

{
a ∈ Acert

k,h (s) : L
P
k,h(Xk,h+1 | s,a) = 1

}
, (84)

Xk,h =
{
s : Arec

k,h(s) ̸= ∅
}
. (85)

Here LP
k,h is the worst-case probability of reaching the next certified state set over the valid kernels

in (81). The set Arec
k,h(s) collects immediately safe actions with probability-one certified continuation,

and Xk,h contains states admitting such an action. The valid-kernel restriction ensures nonnegative,
normalized transitions, so the infimum lies in [0, 1].

The recursion removes immediately safe actions whose plausible successors lack a certified continua-
tion. Inclusion of the true kernel transfers the robust transition condition to the actual dynamics.

Proposition F.1 (Robust viability). Suppose the true kernels belong to CP
k,h, every action in Acert

k,h (s)

is immediately safe, and supp(ρ) ⊆ Xk,1. A protocol that selects an action in Arec
k,h(sh) at every step

satisfies all immediate constraints and remains in Xk,h at every step h ∈ [H + 1], almost surely. The
assertion requires an implementable protocol. It does not establish a regret guarantee or provide an
action when a recursive candidate set is empty.

Proof of Proposition F.1. The initial state belongs to Xk,1 almost surely. If sh ∈ Xk,h and ah ∈
Arec

k,h(sh), immediate safety follows from membership in Acert
k,h (sh). Because the true kernel is one

of the kernels in the confidence set,

Ph(Xk,h+1 | sh,ah) ≥ LP
k,h(Xk,h+1 | sh,ah) = 1.

Induction over h proves the claim.

A fallback used in this extension must also satisfy the recursive continuation condition. Its immediate
safety at a state does not imply that it avoids states without a safe next action. Feasibility from the
initial distribution remains an additional assumption. In contrast, if XH+1 = S and the globally
safe fallback of the main model is included at every state, then Xk,h = S for every h. This follows
by backward induction because every valid kernel assigns probability one to S. The continuation
condition then imposes no additional restriction.

If the condition in (84) is relaxed to LP
k,h(Xk,h+1 | s,a) ≥ 1 − η for a specified η ∈ [0, 1], each

accepted action has true escape probability at most η while the certificates are valid. Suppose the
initial-feasibility condition supp(ρ) ⊆ Xk,1 holds in every episode, and let δconf bound failure of the
joint immediate-safety and transition-confidence event. A first-exit union bound over at most KH
actions gives escape or confidence-failure probability at most δconf +KHη. This argument uses
the conditional transition bound at each history with valid current certificates, without conditioning
future transitions on the entire confidence event. Even without a safe recovery action outside the
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recursively certified sets, zero violation therefore has probability at least 1− δconf −KHη. For a
prescribed exit-error budget δexit ∈ [0, 1], the explicit choice

η := δexit/(KH) (86)

gives failure probability at most δconf + δexit. For example, the main confidence allocation permits
δconf = δ/2 and δexit = δ/2. All feasibility and implementability conditions still apply. A positive
tolerance cannot be treated as almost-sure invariance.

The strict threshold one requires certifying that the escape probability is exactly zero, which finite
observations need not establish. For example, if the model family permits arbitrarily small positive
probabilities of reaching an excluded state, observing only safe successors can leave such kernels
in the confidence set after every finite sample sequence. The corresponding lower bound on safe-
transition probability remains below one. A positive margin for the instantaneous constraint functions
does not resolve this support-identification problem.

The immediate-constraint certification bound in the main theorem therefore does not imply a finite
certification bound for this extension. Such a bound requires additional known transition-support
information or a separate assumption ensuring that the comparator’s continuation tests become
certified. Any continuation test used in the action optimization must also be represented among
its feasibility factors. Its scope contributes to the induced width and may be global even when all
immediate safety constraints are local.

G Observation Models and Scope of the Guarantees

G.1 Aggregate reward feedback

Separate local reward regressions require the factor measurements in Assumption 3.1. If the learner
instead observes only a scalar team reward Y agg with conditional mean rh(s,a) and conditionally
Ragg-sub-Gaussian noise, where Ragg is a supplied noise bound, it can use a joint regression. The
stacked feature and parameter vectors in RDr are

Φr
h(s,a) =

(
ϕre,h(se,ae)

)
e∈Er

, Θr
h =

(
θre,h

)
e∈Er

. (87)

Stacking the F ≥ 1 blocks gives rh = ⟨Φr
h,Θ

r
h⟩, ∥Φr

h∥2 ≤
√
F , and ∥Θr

h∥2 ≤
√
FBr. For each

past episode τ < k, the normalized feature and response are

xagg,τr,h = Φr
h(s

τ
h,a

τ
h)/

√
F , Y agg,τ

r,h = Y agg,τ
h /

√
F , (88)

where Y agg,τ
h is the observed, unnormalized team-reward measurement. The feature has norm at

most one, the conditional mean response is ⟨xagg,τr,h ,Θr
h⟩, and the normalized noise scale is Ragg/

√
F .

Applying (31) gives the joint design, estimate, and confidence radius

Λagg
k,h = IDr +

∑
τ<k

xagg,τr,h (xagg,τr,h )⊤,

Θ̂r,agg
k,h = (Λagg

k,h)
−1
∑

τ<k
xagg,τr,h Y agg,τ

r,h ,

βagg
k,h = β(Λagg

k,h ;
√
FBr, Ragg/

√
F ).

(89)

Use the same failure allocation α as in (32). Replacing F reward regressions by one makes this
allocation conservative. The unnormalized reward estimate and prediction bonus are

r̂aggk,h (s,a) = ⟨Φr
h(s,a), Θ̂

r,agg
k,h ⟩,

baggk,h(s,a) =
√
F βagg

k,h ∥Φr
h(s,a)/

√
F∥(Λagg

k,h)
−1 .

(90)

Replacing the reward estimate and bonus throughout the algorithm yields the same safety proof and
regret decomposition. Write βagg = maxk∈[K],h∈[H] β

agg
k,h for the largest joint-regression radius. Its

reward-uncertainty contribution to regret is at most

2
√
F βagg

√
2HDrT log(1 +K/Dr). (91)

This follows by applying Lemma C.5’s determinant argument to the normalized joint features at each
step. The other terms are unchanged. The joint confidence norm generally couples all reward scopes,
so aggregate feedback can require larger planning factors than factorwise feedback.
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G.2 Scope of the guarantees

The main model assumes a known safe fallback at every modeled state and step. This condition is
stronger than knowing a policy that is safe only along its trajectories from the initial distribution
and excludes irreversible dead ends. The optional recursion in Appendix F addresses viability on a
smaller domain, but requires feasible initial states and transition-support certificates. An immediate
safety margin alone does not imply the main finite certification bound for that extension.

The sublinear-regret corollary additionally assumes that safely obtained data reduce uncertainty in
relevant comparator feature directions. The existence of a baseline and strict safety margins on
initially uncertified comparator tuples does not imply this coverage. Initial local certificates can
cover boundary tuples, but their soundness must be supplied independently of noisy point estimates.
Auxiliary safety observations, when available, must enter the constraint designs and sample counts.
Their acquisition cost is absent from the environment regret. The result therefore does not establish
sample-efficient safe exploration under every trajectory-only feedback model.

Exact decentralized execution requires sufficient reliable pre-action communication to reproduce the
certified joint assignment. Proposition I.2 accounts for finite score-message precision and gives a
sufficient schedule under edge capacities, conditional on correctly computed feasibility indicators. It
does not supply a finite-precision implementation of arbitrary-real regression and safety tests. Packet
losses, asynchronous execution, adversarial participants, and the effect of communication time on
reward are outside the model. Independent local fallback switches after a communication failure
can violate coupled constraints. Proposition H.1 shows that even treewidth one does not ensure
implementability under a short round budget.

Computational scalability additionally depends on state-input acquisition, trajectory collection for
centralized training, and distribution of the learned factor programs. The state space, program
representation, factor evaluations, and routing loads can be large despite bounded action width. These
costs are separate from the per-state action-optimization bound, which does not establish scalable
planning for arbitrary factored state spaces.

The reward, constraint, and transition models must be correctly specified. Safety is asserted for the
deterministic functions gℓ,h, whose noisy measurements are used for estimation. The result does
not constrain every realization of an unrelated random measurement or disturbance. Extending the
analysis to misspecified or nonlinear models, partial observations that do not support the required
coordination, and competitive objectives remains open. Appendix K evaluates the specified models,
feedback budgets, complete action factors, and communication protocols. These synthetic results do
not establish performance in physical systems or under model misspecification.

Broader impacts. Learning coordinated actions subject to instantaneous constraints could help
reduce unsafe behavior in robotic teams and limit interference in wireless systems. These potential
benefits depend on the validity of the modeled constraints, the availability of the assumed safe
fallback and feedback, and the communication required to execute a certified joint action. Model
misspecification or implementation failures can invalidate the guarantee and create unwarranted
confidence in an unsafe controller. Moreover, maximizing a common team reward subject to safety
constraints does not by itself ensure fair resource allocation. Applications require validation of
the constraint model and execution mechanism, together with any additional fairness or privacy
requirements relevant to the deployment.

H Proofs of Proposition H.1 and Corollary H.2

A centralized MDP representation preserves the joint dynamics and team reward. It does not, by
itself, enforce the information available to each executing agent. The following example separates the
optimum over communication-compatible safe protocols from the optimum of a full-state controller,
even when statistical estimation and large factor scopes are absent. The argument uses causal locality
of synchronous communication [42].

Proposition H.1 (A sharp communication requirement for hard-safe coordination). For every N ≥ 2,
there is a one-step cooperative game with two global states, binary actions, a unary reward factor,
pairwise safety factors, and a known safe fallback at every state, with the following properties. All
model functions can be revealed to the agents, every feasible action has safety margin one, and the
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complete reward–constraint action graph has treewidth one. Let V ⋆
R be the optimal value among safe

protocols using at most R synchronous communication rounds on a path, and let V ⋆
full be the optimal

value of a full-state safe controller. Then

V ⋆
full = 1, V ⋆

R =

{
1
2 , 0 ≤ R < N − 1,

1, R ≥ N − 1.
(92)

The lower bound permits arbitrary message sizes and shared or private randomness independent of
the current state. More generally, every R < N − 1 protocol, whether safe or not, satisfies

E[r(s,a)] ≤ 1
2 + P(∃ℓ : gℓ(sIℓ ,aIℓ) > 0) . (93)

Equality constraints force the remote endpoint to share the informed agent’s action. Until a message
can traverse the path, that endpoint’s decision cannot depend on the reward-relevant bit. The resulting
loss of safe value persists even when the model is completely known.

Proof of Proposition H.1. Let Gcomm be the path 1− 2− · · · −N . The only random local state is
s1 = X , where X ∼ Bernoulli(1/2), and si is fixed for every i > 1. The bit is drawn after the
episode’s shared training information has been fixed. Each action belongs to {0, 1}, and

r(s,a) = 1{a1 = X}, gi(ai, ai+1) = 21{ai ̸= ai+1} − 1, i ∈ [N − 1]. (94)

The constraints require the common action a1 = · · · = aN . Their graph is a path, and every safe joint
action has gi = −1 on every edge. The all-zero protocol is a known fallback safe in both states. The
reward is a single local factor at agent 1. Both the reward and each constraint have a one-dimensional
linear representation with feature equal to the corresponding displayed function and coefficient one.
All feature magnitudes are at most one. The transition after the single decision can be any fixed
known kernel on the two states and does not affect the value.

Condition on the shared training information and all random seeds. After zero communication rounds,
an agent’s information depends only on its own local state. Inductively, after t rounds, its information
can depend only on local states within graph distance t, because a round-t message is a function of
the sender’s local state and its earlier transcript, and traverses one edge. Thus, if R < N − 1, agent
N cannot distinguish the two values of X . Its action aN is independent of X , also after averaging
over the state-independent seeds. Consequently, P(aN = X) = 1/2.

If a1 ̸= aN , at least one adjacent pair has unequal actions, so

1{a1 = X} ≤ 1{aN = X}+ 1{∃i ∈ [N − 1] : ai ̸= ai+1}. (95)

Taking expectations proves (93). An almost-surely safe protocol therefore has value at most 1/2, and
the all-zero fallback attains this value.

A full-state controller chooses ai = X for every agent, obtaining reward one and satisfying every
constraint. This choice is also implementable in N − 1 rounds. Agent 1 sends X to agent 2, and each
subsequent round forwards the bit one edge farther along the path. Afterwards all agents choose the
bit they received. This proves (92). Finally, without the coupling constraints, agent 1 could obtain
reward one with no communication by setting a1 = X . The round requirement in the example arises
from coordinating the safe joint action.

Corollary H.2 (Centralized regret under a communication limit). Consider K independent episodes
of (94), with a fresh fair bit in each episode and at most R < N − 1 rounds per decision. The
protocols may depend on the entire preceding training history. If the probability of any constraint
violation during the K episodes is at most δ, then

KV ⋆
full − E

[∑K

k=1
r(sk,ak)

]
≥ K

(
1
2 − δ

)
. (96)

Proof of Corollary H.2. LetEk be the event of an edge-constraint violation in episode k. Conditional
on the previous training history, the new bit is independent and fair, so the proof of (93) applies
unchanged. Taking expectations and summing gives E

∑
k r(s

k,ak) ≤ K/2 +
∑

k P(Ek). Since
each Ek ⊆ ⋃K

j=1Ej , the last sum is at most Kδ. Use V ⋆
full = 1.
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Equation (96) compares against the unrestricted full-state controller. For R < N − 1, the admissible
comparator in (4) has value 1/2, which the fallback already attains. The full-state maximizing
rule is then unimplementable, so Assumption 3.3 fails. This example isolates the communication
requirement in that assumption. Bounded action-graph treewidth alone does not bound the rounds
needed to attain the full-state safe optimum.

I Proofs of Distributed Planning and Communication Guarantees

I.1 Proof of Proposition I.1 (Distributed Implementation)

The following construction gives verifiable sufficient conditions for Assumption 3.3. Exact elimina-
tion and distributed action coordination in factored cooperative models are established techniques
[7, 8, 38]. Here the construction applies them to the complete certified planning problem and accounts
separately for state acquisition, the safe fallback, and delivery of the selected actions.

Fix an episode and a step, and suppress their indices. Suppose the complete unclipped score in (16)
has known factors

Q̃(s,a) =
∑

f∈FQ
qf (sJf

,aIf ), (97)

with finite values. Here FQ indexes score factors, and If , Jf specify their action and state inputs.
Allow sound initial local certificates Z0

ℓ,h, meaning that gℓ,h(z) ≤ 0 for every z ∈ Z0
ℓ,h. For the fixed

episode and step, define the local feasibility indicator

cℓ(z) =

{
0, z ∈ Z0

ℓ,h or Ug
k,ℓ,h(z) ≤ 0,

−∞, otherwise,
z = (sIℓ ,aIℓ). (98)

The immediate certified set is the intersection of these local tests. Each disjunction is evaluated
within its original constraint scope and adds no new action dependency. Empty initial certificate
sets recover the statistical tests alone. Let F contain all score factors and the hard factors (98). For
a hard factor associated with constraint ℓ, set Jf = If = Iℓ. All factor maps and their scopes are
fixed by the pre-episode training information. The relevant maps, including the membership rule for
each Z0

ℓ,h, are available at their designated computing agents. Their state arguments are acquired
during execution. Write G = Gcomm for the undirected physical graph. Each directed edge can carry
an arbitrary finite vector per synchronous round. Local computations and routing instructions are
deterministic. Communication is measured in rounds here. Bit traffic and packet sizes are accounted
for separately below. The class PR(G) contains the deterministic protocols in (2) using this message
model and at most R rounds on G.

Let T be a fixed rooted, reduced junction tree, meaning that no bag is contained in an adjacent bag,
with bags {Bb : b ∈ B} of size at most ω + 1. The bags cover all action variables, contain every
factor’s action scope, and satisfy the running-intersection property. Each bag b is hosted by an agent
ub. Assign each factor f to one bag b(f) containing If , and each action variable i to one output bag
b(i) containing i. Thus ub ∈ [N ] is a computing agent, b(f) is the factor’s bag, and b(i) is the bag
responsible for delivering agent i’s selected action. Let b0 be the root, p(b) the parent of nonroot
bag b, and ch(b) := {c : p(c) = b} its children. Use fixed shortest physical paths for this round
construction. Ties between shortest paths are resolved before observing the current state. The bag
assignments, hosts, action-alphabet orders, and paths are all part of the installed program. The later
bit-traffic accounting also allows other specified simple routes and uses their actual lengths.

Write dG for graph distance. Define the maximum input-routing distance

rin = max
(
{0} ∪ {dG(j, ub(f)) : f ∈ F , j ∈ Jf}
∪ {dG(i, ub(f)) : f ∈ FQ, i ∈ If}

)
,

(99)

where the second line accounts for acquiring the fallback’s component actions to evaluate its score.
With root b0, define

DG = max
b∈B

∑

(c,p(c))∈pathT (b,b0)

dG(uc, up(c)),

rout = max
i∈[N ]

dG(ub(i), i).
(100)
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All distances used here must be finite. The quantity DG is the largest sum of routed edge lengths
along a logical root-to-bag path, while rout is the maximum distance from an output host to its action
owner. In particular, DG need not equal the physical diameter. A known fallback protocol computes
its component actions within a supplied, state-uniform integer budget R0 ≥ 0. Its maps can be
evaluated without acting, with completion padded to R0 rounds.
Proposition I.1 (Compilation of a certified planner into a protocol). Under the preceding conditions,
if the permitted round budget satisfies

R ≥ R0 + rin + 2DG + rout, (101)

there is a single deterministic state-contingent protocol in PR(G) that returns, for every state s,

a(s) ∈ arg max
a∈Âimm(s)∪{a0(s)}

Q̃(s,a). (102)

The protocol has a fixed tie rule and also computes the exact clipped maximum in (17). It needs
at most

∑
f∈F A

|If |
max factor-table evaluations, followed by O((|F| + |B|)Aω+1

max + N) arithmetic
operations for optimization at a fixed state. Each upward junction-tree message contains at most
Aω

max score entries and one additional scalar for the fallback score. Each direction uses |B| − 1
logical messages. Input acquisition, output delivery, and physical routing are counted separately.

If the conditions hold at every step of the backward recursion and the permitted protocol class
allows all local message maps with the stated graph, alphabet, and step-specific round budgets, this
construction verifies Assumption 3.3 without a runtime global-state policy-table lookup.

Proof of Proposition I.1. First evaluate the fallback’s message and action maps, without acting in the
environment, in R0 rounds. Agent i now knows a0i (s). Send each state component required by a
factor to that factor’s host, and send each fallback component required by a score factor to its host.
Use fixed shortest paths with tagged messages. Because an edge may transmit an arbitrary finite
vector, packets sharing an edge can be concatenated, and all these transmissions finish in at most rin
rounds. Each bag host then evaluates its local score and feasibility tables and its assigned scores at
the whole fallback.

At bag b, let Fb(aBb
) be the sum of all its assigned score and hard feasibility factors. The bag’s

fallback score is
Q0

b(s) =
∑

f∈FQ: b(f)=b

qf (sJf
,a0If (s)). (103)

Only score factors occur in (103), because the known fallback need not pass the statistical upper-
confidence tests. For a nonroot bag, let Sb = Bb ∩Bp(b). Compute the upward message by the exact
recursion

mb→p(b)(aSb
) = max

aBb\Sb

[
Fb(aBb

) +
∑

c∈ch(b)
mc→b(aSc

)

]
. (104)

Store a maximizing assignment for each separator value, using a fixed ordering of the bag variables
and their actions to resolve ties as in Appendix E. Each upward message also carries the subtree
fallback score

Q0
b↑(s) := Q0

b(s) +
∑

c∈ch(b)
Q0

c↑(s). (105)

At a leaf the sum is zero. The root also evaluates the two branch scores

Mcert(s) := max
aBb0

∈ABb0

[
Fb0(aBb0

) +
∑

c∈ch(b0)
mc→b0(aSc

)

]
,

M0(s) := Q0
b0↑(s) = Q̃(s,a0(s)). (106)

The scores Mcert and M0 compare the certified branch with the whole fallback. The root’s product
action alphabet ABb0

is defined in (66).

The running-intersection property implies that a variable occurring in the subtree of b and outside
that subtree must occur in Sb. Therefore, conditional on aSb

, all other variables in that subtree can be
maximized internally. Induction from the leaves proves that (104) is exactly the maximum sum of the
subtree’s factors subject to the separator assignment. The root’s maximum Mcert(s) is consequently
the exact optimum over Âimm(s), taking −∞ when empty. The fallback aggregate is M0(s).
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The root selects the certified optimum when Mcert(s) > M0(s) and otherwise selects the fallback.
This fixes fallback priority on a tie. If the certified optimum is selected, the root chooses its
maximizing bag assignment, then sends the corresponding separator assignments down the tree. Each
child retrieves the stored maximizing assignment conditioned on the received separator and continues
the pass. Since the root’s selected value is finite, every visited conditional optimum is feasible. The
running-intersection property makes every shared action variable consistent throughout the tree, and
the recovered joint action satisfies every hard factor. On the confidence event, such an action satisfies
every true constraint, since each accepted local tuple is initially certified or has a nonpositive valid
upper bound. If the fallback is selected, the downward pass sends this common selection instead.
Each output bag then sends the appropriate selection flag and, when needed, the selected action
component to its owning agent. On the fallback branch, agent i uses its already computed a0i (s), so
its output bag need not acquire that component to deliver the selection flag. All agents execute after
final delivery. Both branches satisfy (102), and monotone clipping gives the Bellman value in (17).

Each logical tree edge is routed along its fixed shortest physical path. An upward message is sent
after all of its child messages have arrived. These dependency times can be fixed in advance from
the routing lengths. The longest root-to-leaf sum of those lengths is DG, so the upward pass finishes
in at most DG rounds. The downward pass obeys the reverse dependency order and takes at most
another DG rounds. Concurrent routed messages do not incur a capacity constraint under the stated
vector-message model. Final delivery takes at most rout rounds, proving (101).

Every message is a deterministic function of the hosting agent’s local state, fixed pre-episode
information, and previously received messages. All table evaluations, routes, schedules, and tie rules
are specified independently of the realized state. Their composition is therefore one protocol over
the entire state space, rather than an unrelated collection of statewise assignments. The computed
optimum can also be evaluated for every state during finite-state backward planning. This establishes
the full value and protocol requirement in Assumption 3.3 when the conditions hold at each step.

There are at most A|If |
max entries to evaluate in factor f . Once these tables are available, summing

factors in the bags and forming all messages takes O((|F|+ |B|)Aω+1
max +N) arithmetic operations,

including recovery of the N output components. A reduced junction tree with maximal bag size
ω + 1 has separators of size at most ω. Thus the upward table and message counts have the asserted
sizes. Downward messages contain a selection flag and one separator assignment.

The sufficient round budget can be reduced when additional structure permits a shorter protocol, as in
the direct bit broadcast of Proposition H.1. Its applicability still requires factorization of the complete
score and access to each factor’s state arguments. Local safety scopes and linear realizability alone
provide neither condition. The factor-table evaluation count excludes each factor’s internal evaluation
cost, such as summing transition features over next states. Finite-state backward planning also retains
its H|S| state–step cost. Accounting for finite score messages additionally requires the state-input
demands, payloads, and physical routes specified below.

I.2 Proof of Proposition I.2 (Communication Precision)

The round bound in Proposition I.1 assumes unbounded vector payloads. The following accounting
separates local state acquisition from separator messages and shows the effect of communicating
scores at a prescribed precision. All state and action alphabets are finite. Let bsj and bai be the fixed
bit lengths for encoding agent j’s state and agent i’s action,

bsj = ⌈log2 |Sj |⌉, bai = ⌈log2 |Ai|⌉. (107)

For a hard factor associated with constraint ℓ, set Jf = If = Iℓ. The state-input demands Ds and
fallback-action demands D0 are the source–host pairs

Ds = {(j, ub(f)) : f ∈ F , j ∈ Jf},
D0 = {(i, ub(f)) : f ∈ FQ, i ∈ If}. (108)

Repeated requests for the same component at the same host are merged. Send each requested
component from its source to its host along a fixed simple path. Write Rj→u for a state-input route.
The state-input traffic, summed over traversed directed edges, is

Ws =
∑

(j,u)∈Ds

|Rj→u|bsj . (109)
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This quantity depends on the state scopes and routing, not only on action treewidth. A factor with
a small action scope can still require many state components. Conversely, local state scopes and
local hosts can avoid broadcasting the entire state to every agent. The message protocol imposes no
state-privacy guarantee, since a factor table or separator message can reveal information about states
outside the recipient’s local observation.
Proposition I.2 (Score precision and certified feasibility). Fix an episode and step satisfying the
structural and access conditions of Proposition I.1. Suppose the hard-factor indicators are evaluated
correctly. A state-uniform score bound is

Lf := max
u∈projJf

S
v∈AIf

|qf (u, v)|, f ∈ FQ. (110)

The local alphabets are finite and the score maps have finite values, so 0 ≤ Lf <∞. This quantity
depends only on the frozen episode maps, not on the realized state. An explicitly established larger
bound may be used instead. Computing the displayed maximum is part of factor preprocessing. For
a precision ζ > 0 fixed before the current state is observed, replace each score factor in action
selection by its quantized integer score

zf (sJf
,aIf ) =

⌊
qf (sJf

,aIf )/ζ
⌋
, mQ = |FQ|. (111)

Run exact integer max-sum on these factors, retain the same exact hard factors, and compare the
certified optimum with the fallback under the same integer objective. The returned action â(s)

belongs to Â(s) for every state and satisfies

0 ≤ max
a∈Â(s)

Q̃(s,a)− Q̃(s, â(s)) ≤ mQζ. (112)

To bound score encodings and table sizes, define

Zζ =
∑

f∈FQ
⌈Lf/ζ⌉, bζ = ⌈log2(2Zζ + 2)⌉, Tb =

∏
i∈Sb

|Ai|. (113)

Here Zζ bounds the magnitude of any integer partial score sum, bζ is a uniform codeword length,
and Tb is the number of separator assignments for nonroot bag b. The factor count mQ controls the
total rounding loss. Every upward table entry and fallback-score aggregate can be encoded in bζ bits,
including an infeasibility symbol. The execution messages other than those internal to the fallback
protocol admit the following fixed payload bounds shown below.

Message Source and destination Payload in bits

State input (j, u) ∈ Ds bsj
Fallback action (i, u) ∈ D0 bai
Upward table and fallback sum ub → up(b) (Tb + 1)bζ
Downward commitment up(b) → ub 1 +

∑
i∈Sb

bai
Final action delivery ub(i) → i 1 + bai

Let M be this fixed list of messages, with payload length bp and simple directed physical route Rp for
message p ∈ M. For a specified finite-bit fallback implementation, let bits0e(s) count the bits that it
sends on directed physical edge e at state s. If these counts are finite, take W 0

e := maxs∈S bits0e(s),
or any explicitly established larger bound. Then the complete execution has per-edge load and total
traffic bounded by

We =W 0
e +

∑
p∈M: e∈Rp

bp, W =
∑

e
We. (114)

Fixed schedules and encodings identify packets implicitly. The bounds exclude transport headers.

Quantization is applied once to the original score factors. Intermediate messages are exact integers,
so rounding loss accumulates across factors independently of the number of routing hops. The hard
tests and the separate fallback branch are preserved, leaving the candidate set unchanged.

Proof of Proposition I.2. For every factor and input, 0 ≤ qf − ζzf < ζ. Summing the mQ factors
gives

0 ≤ Q̃(s,a)− ζ
∑

f
zf (sJf

,aIf ) < mQζ (115)
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when mQ > 0, with zero quantization error when mQ = 0. Let a⋆ maximize the unrounded
score over the candidate set. The integer optimizer, including its fallback comparison, satisfies∑

f zf (s,a
⋆) ≤∑f zf (s, â). Apply (115) to both actions to obtain (112). The feasible set did not

change, so feasibility and the confidence-event safety guarantee are preserved.

Every integer local score has magnitude at most ⌈Lf/ζ⌉. Because each factor is assigned to exactly
one bag, a feasible message entry is a maximum of sums of distinct factors in one subtree. Its
magnitude is at most Zζ . An infeasible entry uses a separate symbol. The alphabet {−Zζ , . . . , Zζ} ∪
{⊥} therefore needs bζ bits. Fallback aggregates obey the same bound. There are Tb separator
assignments, plus one fallback scalar. Downward messages carry the common branch flag and one
separator assignment, while output messages carry that flag and one action component. Padding the
fallback branch to the same lengths gives fixed payloads in both cases. Recipients know their fallback
components and ignore padded action bits. Summing routed payloads gives (114).

The precision ζ is distinct from the continuation tolerance η in Appendix F. Correct evaluation of
a hard test such as Ug ≤ 0 may require exact or certified local arithmetic. An uncertain feasibility
indicator must not be rounded into acceptance. The proposition therefore bounds finite-bit communi-
cation conditional on correct indicators. It does not establish a finite-precision implementation of
their computation. The episode’s model maps, certificate descriptions, routing schedules, and factor
programs must already be installed at their hosts. Their storage and distribution cost is separate and
need not have a finite fixed-precision representation under the main statistical model.

Regret consequence. For this approximate planner, compute each backward value from the original
unrounded score of the selected action,

Vk,h(s) = clip[0,H−h+1]

(
Q̃k,h(s, âk,h(s))

)
.

At every backward step, the factorization, factor bounds, routing conditions, and exact feasibility
tests must hold for the score built from this planner’s own achieved Vk,h+1. They are not inherited
from a separate exact-maximization recursion. Freeze the resulting values before the episode and
use them in the historical transition samples (10). Define mQ,k,h := |FQ

k,h|, the number of complete
score factors at that episode and step. Choose ζk,h > 0 before observing the current state, uniformly
over the state space. Appendix C.5 then adds at most

∑K

k=1

∑H

h=1
mQ,k,hζk,h (116)

to the existing regret bound, while preserving zero violation on the confidence event. For a known
T = KH , choosing ζk,h = 1/[T max{1,mQ,k,h}] makes this additional term at most one. For
this choice, Zζ ≤ mQ + T max{1,mQ}

∑
f Lf , giving an explicit logarithmic score-word bound

through (113). Certification coverage must hold for the modified algorithm’s actual feedback.
Deterministic rounding adds no failure event, but can change the trajectories and numerical confidence
widths. The backward values remain the clipped original scores achieved by the selected actions.

A sufficient schedule with edge capacities. If directed physical edge e can transmit a positive
integer ce bits per round, one valid, conservative implementation sends the listed messages one at
a time, hop by hop, in the input, upward, downward, and output dependency order. If the fallback
finishes in R0 rounds under those same capacities, the whole protocol finishes within

R0 +
∑

p∈M

∑
e∈Rp

⌈bp/ce⌉ (117)

rounds. Serial transmission removes congestion between messages, while parallel use of different
edges can yield shorter schedules. The permitted round budget must accommodate the schedule
actually used. Both the original vector-message bound and this capacitated bound assume that the
environment does not advance until joint commitment completes.

J Proofs of Local Certification and Feasible-Deviation Results

J.1 Proof of Lemma J.1 (Local Certificate Closure)

For constraint ℓ, write
Zℓ = {(sIℓ ,aIℓ) : (s,a) ∈ S ×A}, zℓ(s,a) = (sIℓ ,aIℓ). (118)
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Thus Zℓ is the finite configuration set for constraint ℓ, and zℓ(s,a) extracts its local state–action tuple.
The initial local certificate set Z0

ℓ,h contains only tuples whose constraint values are known to be
nonpositive. Given a collection Bh ⊆ S ×A of known-safe joint state-action pairs, one valid choice
is

Z0
ℓ,h = {zℓ(s,a) : (s,a) ∈ Bh}. (119)

The global fallback supplies the collection Bh = {(s,a0h(s)) : s ∈ S}. Additional known-safe
pairs may also be included. Because gℓ,h depends only on its local tuple, each projected certificate
remains valid under every global completion of that tuple. Combining these projections can therefore
certify additional joint actions whenever their shared variables are consistent. Constructing the local
certificate sets from a global seed description incurs a separate preprocessing cost.

Lemma J.1 (Maximal safety information from seed projections). Fix the scopes and safe seeds Bh,
and use the projections in (119). Define their consistent join

Jh(s) := {a : zℓ(s,a) ∈ Z0
ℓ,h for every ℓ}. (120)

Every action in Jh(s) is safe under every collection of local constraint tables consistent with the seeds.
If the tables are otherwise unrestricted, every action outside Jh(s) is unsafe for some collection of
local tables consistent with the same seeds. Thus Jh(s) is exactly the set whose safety follows from
the seed membership statements and the known scopes alone.

Proof of Lemma J.1. Every seed satisfies every constraint. Whenever a tuple occurs in a seed’s
projection for constraint ℓ, the value of that tuple under this constraint is nonpositive. Membership in
Jh(s) supplies such a certificate for every constraint on the same joint action, proving safety.

Conversely, let a /∈ Jh(s). There is a constraint ℓ for which z = zℓ(s,a) /∈ Z0
ℓ,h. Choose its table

to equal +1 at z and −1 at every other configuration, and choose all other constraint tables to be
constantly −1. The distinguished tuple occurs in no seed for this constraint. Every seed is therefore
safe, but (s,a) violates constraint ℓ. The values ±1 can be replaced by any allowed common positive
magnitude if bounded tables are required. This proves maximality in the unrestricted local table class.
Additional known linear relations can imply further safe configurations.

For example, at one state with scopes {1, 2} and {2, 3}, the safe seeds 000 and 101 certify the local
relations {00, 10} and {00, 01}. Their consistent join contains 000, 001, 100, 101. The recombined
actions 001 and 100 require no additional constraint observations to establish their safety. An initial
local certificate can likewise be combined with a statistical certificate from another scope. In each
case, shared action variables must have the same values in every constraint containing them.

J.2 Example of certification at the safety boundary

Local certificates can admit an optimal action on one constraint’s boundary while observations certify
its remaining constraints with positive margins. To isolate this effect, compare local certification with
treating the fallback as one indivisible candidate. Consider one state, one step, and three binary-action
agents, with

r(a) = a3, g1(a1, a2) = |a1 − a2|,
g2(a2, a3) = 2a2a3 − 1, a0 = 000.

(121)

The two constraint scopes are I1 = {1, 2} and I2 = {2, 3}. We omit the single fixed state from
feature and tuple arguments. Use the one-hot feature map for g1, with entries ordered as 00, 01, 10, 11
and true parameter θg1,1 = (0, 1, 1, 0)⊤. For g2, use ϕg2,1(a2, a3) = (2a2a3 − 1, 0, 0, 0)⊤ and
θg2,1 = (1, 0, 0, 0)⊤. Both models thus have dimension dg = 4. Set Bg =

√
2. Measurements have

zero noise, so Rg = 0 and every constraint radius in (32) is
√
2. The reward feature is a3, with

true parameter one, Br = 1, and Rr = 0. All feature norms and parameter norms meet the model
assumptions. The transition after the single decision has no effect on value. Regression data sets are
initially empty, and the regularization is I .

The safe team optimum 001 has reward one, whereas the fallback has reward zero. Consider first the
candidate-set rule

{a : Ug
k,ℓ,1(zℓ(s,a)) ≤ 0 for every ℓ} ∪ {000},
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which uses the seed only as a complete joint action. This rule executes 000 forever. Indeed, after n
such observations, the 00 estimate in the first constraint table is zero, and its upper confidence bound
is
√
2/
√
1 + n > 0. Each other entry remains unobserved, with upper bound

√
2 > 0. Thus every

joint action fails the first statistical test, leaving only the fallback. Regret is K.

Projecting the seed instead gives Z0
1,1 = Z0

2,1 = {00}. Its first local certificate applies to both 000
and 001, even though the first constraint holds with equality there. The fallback and the candidate
have the same second-constraint feature, namely (−1, 0, 0, 0)⊤. After n fallback observations, the
candidate’s second upper confidence bound is

Ug
k,2,1(01) = − n

1 + n
+

√
2√

1 + n
.

This expression is positive for n = 0, 1, 2 and negative for every n ≥ 3, since n2 > 2(1 + n) holds
exactly for integers n ≥ 3. The local composition rule therefore selects 000 for the first three episodes
and admits 001 at episode four. Before its first execution, the candidate’s reward score is one, while
the fallback’s score is zero. After nr observations of the candidate, its optimistic reward score is

nr
1 + nr

+
1√

1 + nr
≥ 1.

Every execution of 001 adds the same second-constraint feature, so its safety certificate remains valid.
The planner consequently continues to select 001, with no tie between it and the fallback. Regret is
exactly min{K, 3}, and safety holds throughout.

The initially uncertified comparator tuple in the second constraint has margin one, and each fallback
observation adds exactly its rank-one design increment. The margin and coverage conditions restricted
to initially uncertified tuples therefore hold without auxiliary observations. The optimal tuple in the
first constraint has zero margin but is initially certified. The restricted margin condition therefore
covers this instance, whereas a positive-margin requirement on every constraint of every nonfallback
comparator action would exclude it. A centralized method with the same local certificates can exploit
this information. The two certification rules differ in how they represent and reuse the safe seed.

J.3 Proof of Proposition 5.6 (Local Certification)

Definitions and probability allocation. For each local constraint table, let Mℓ = |Zℓ| and let
nk,ℓ,h(z) be the number of observations of entry z available before episode k. The observations have
conditional mean gℓ,h(z) and conditionally Rg-sub-Gaussian noise. Their selection is predictable,
and the known bound ng limits the total number of observations for each pair (ℓ, h) through episode
K. For positive count n = nk,ℓ,h(z), let

gk,ℓ,h(z) := n−1
∑n

j=1
Y

(j)
ℓ,h,z, (122)

where Y (j)
ℓ,h,z is the jth observed value of entry z. Auxiliary observations contribute to this count

only when their conditional mean is that entry’s value. An arbitrary linear functional is not an entry
observation. The scalar certificate uses

α =
δ

2H(F +m+ 1)
, Lℓ = log

(
2Mℓng
α

)
. (123)

Here α allocates failure probability per process, and Lℓ covers all entries and positive counts. For a
positive count, define the tabular safety upper bound

Ug,tab
k,ℓ,h (z) = gk,ℓ,h(z) +Rg

√
2Lℓ

nk,ℓ,h(z)
.

Set Ug,tab
k,ℓ,h (z) = +∞ at count zero. Initially certified tuples in Z0

ℓ,h require no observations.

Fix (ℓ, h, z). For each n ∈ {1, . . . , ng}, the conditional sub-Gaussian exponential bound gives

P

(∣∣∣n−1
∑n

j=1
Y

(j)
ℓ,h,z − gℓ,h(z)

∣∣∣ > Rg

√
2Lℓ

n
, the entry is observed at least n times

)
≤ 2e−Lℓ .

46



The sum uses the first n observations of this entry, even when observations of other entries occur
between them. To justify the bound under adaptive sampling, let zt be the entry selected at observation
index t for the fixed pair (ℓ, h), and let Ỹt be its response. Define its cumulative selected count and
centered response sum by

Nt(z) :=
∑t

v=1
1{zv = z}, St(z) :=

∑t

v=1
1{zv = z}[Ỹv − gℓ,h(z)]. (124)

If fewer than ng observations are acquired, extend the count and sum processes to ng positions
with zero increments. For each real tilting parameter u, conditional sub-Gaussianity and predictable
selection make exp{uSt(z)− u2R2

gNt(z)/2} a nonnegative supermartingale with initial value one.
Stop it when Nt(z) first reaches n, or at the final observation bound ng if this has not occurred. For
Rg > 0, choose u =

√
2Lℓ/n/Rg for the upper tail and its negative for the lower tail. On each

corresponding deviation event at count n, the stopped exponential is at least eLℓ . The supermartingale
expectation bound therefore gives e−Lℓ for each tail and 2e−Lℓ in total. If Rg = 0, observed
responses equal their conditional means almost surely, so the claim is immediate.

A union bound over the Mℓ entries and their at most ng positive counts has failure probability at most
2Mℓnge

−Lℓ = α. Thus, simultaneously for every episode-start data set,

|gk,ℓ,h(z)− gℓ,h(z)| ≤ Rg

√
2Lℓ

nk,ℓ,h(z)
if nk,ℓ,h(z) ≥ 1. (125)

There are Hm such table events. Retain the reward and transition parameter-confidence events with
failure probability α for each of their HF +H processes. The total confidence failure probability is
at most H(F +m+ 1)α = δ/2. Denote the combined event by Etab.

On this event every statistical local certificate is sound. Unobserved entries require an initial certificate
or the whole fallback. Every candidate satisfies the true constraints, so the zero-violation proof applies
to the modified sets.

Counting unavailable comparator episodes. Let

qℓ = max

{
1,

⌈
8R2

gLℓ

∆2
safe

⌉}
.

The integer qℓ is a sufficient sample count used only in the analysis. Evaluating the statistical certificate
requires neither this threshold nor the unknown margin ∆safe. An action outside the candidate set
is not the fallback and fails at least one local test at a tuple outside Z0

ℓ,h. For a comparator action,
this tuple has gℓ,h(z) ≤ −∆safe by the restricted margin condition. If nk,ℓ,h(z) ≥ qℓ, its count is
positive, and (125) implies

Ug,tab
k,ℓ,h (z) ≤ gℓ,h(z) + 2Rg

√
2Lℓ

nk,ℓ,h(z)
≤ −∆safe +∆safe = 0.

For Rg = 0, one observation suffices and the confidence term is zero. Every failed test at an initially
uncertified comparator tuple therefore has nk,ℓ,h(z) < qℓ.

Assign each episode with χk = 1 to one witness (ℓ, h, z) whose count increases by at least one during
that episode, as required by the proposition’s coverage condition. The count never decreases. A fixed
triple can be assigned at most qℓ episodes, because its pre-episode counts at those assignments are
distinct integers in {0, . . . , qℓ − 1}. Only initially uncertified entries can be assigned. Hence

BK ≤
∑H

h=1

∑m

ℓ=1
|Zℓ \ Z0

ℓ,h| qℓ ≤ H
∑m

ℓ=1
Mℓqℓ. (126)

For one-hot table observations, let ez be the coordinate unit vector of RMℓ indexed by z, and
write nk,ℓ,h = (nk,ℓ,h(z))z∈Zℓ

for the count vector. The design is I + diag(nk,ℓ,h). Its increment
dominates eze⊤z precisely when the count of entry z increases by at least one. Thus the count
condition is the one-hot specialization of the covariance-growth condition in (25). The counting
argument therefore requires actual observations of each charged entry.
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Regret. The proof of Lemma C.3 requires sound candidate sets and availability of comparator
actions on their reachable support. It does not require ellipsoidal safety bounds. The regret decom-
position and the reward and transition potential bounds are also unchanged. Intersect Etab with the
trajectory concentration event of Lemma C.4, whose failure probability is δ/2. The intersection has
probability at least 1 − δ. On that event the zero-violation and regret statements hold jointly, and
substituting (126) gives

Reg(K) ≤ 2βr
√

2FHDrT log(1 +K) + 2HβP
√
2HdPT log(1 +K/dP )

+H
∑H

h=1

∑m

ℓ=1
|Zℓ \ Z0

ℓ,h| qℓ +H
√
2T log(2/δ).

Replacing the middle sum by H
∑

ℓMℓqℓ yields the stated bound. Every auxiliary safety observation
contributes to these counts, while regret measures only the loss in environment returns.

Local representation size. The product form of the joint action space gives

Mℓ = |projIℓ S|
∏

i∈Iℓ
|Ai|.

Define the maximum local state-space size Smax := maxi |Si| and rg := max({0} ∪ {|Iℓ| : ℓ ∈
[m]}), the largest constraint-scope size. Since |Ai| ≤ Amax,

∑
ℓMℓ ≤ m(SmaxAmax)

rg . The
certification count is therefore governed by distinct local configurations. For a one-state binary-
action chain with pairwise constraints, there are 4H(N − 1) local entries across all steps, compared
with H(N − 1)2N entries in an unstructured table of each constraint over full joint actions. These
are representation and certification counts. They do not bound state-space planning, transition
representation, or induced action-graph width.

J.4 Proof of Corollary 5.7 (Feasible Deviations)

For a safe protocol Π, the feasible unilateral-deviation class Di(Π) contains the identity replacement
and consists only of protocols in Psafe. In particular, feasibility applies to the whole trajectory
induced by the deviated message and action maps. The quantity Gapi(Π) is the supremum of the
common-return improvement over this class. The identity replacement gives Gapi(Π) ≥ 0. Every
Π̃ ∈ Di(Π) satisfies

V Π̃
1 (ρ)− V Π

1 (ρ) ≤ V Π⋆

1 (ρ)− V Π
1 (ρ),

because Π⋆ maximizes the same common payoff over Psafe. Taking the supremum over deviations,
then the maximum over agents, proves the pointwise gap inequality.

On the simultaneous confidence and regret event, soundness of every candidate set ensures that each
learned protocol Πk belongs to Psafe. Applying the pointwise inequality to each such protocol and
summing gives

∑K

k=1
max

i
Gapi(Π

k) ≤
∑K

k=1

[
V Π⋆

1 (ρ)− V Πk

1 (ρ)
]
= Reg(K).

The inequality holds on the same joint event. Consequently, the average maximum feasible-deviation
gap is at most Reg(K)/K. For any ϵ > 0, at most Reg(K)/ϵ episodes have maximum gap greater
than ϵ. These gaps concern safe admissible protocol deviations and values from ρ. Equilibrium
conditions at off-path states are not implied.

Feasible equilibria can have strictly suboptimal team value. Consider one state, one step, two
binary-action agents, and no pre-action messages. Let the common reward and constraint be

r(a1, a2) =
a1 + a2

2
, g(a1, a2) = |a1 − a2| −

1

2
.

The safe set is exactly {(0, 0), (1, 1)}, and both actions have safety margin 1/2. The reward is the
sum of two local factors, and the constraint has a one-hot linear realization. All model values can be
known in advance, and (0, 0) is a globally safe fallback.

At (0, 0), changing either agent’s action alone produces a mismatch and violates the constraint. Each
feasible unilateral-deviation class therefore contains only the identity action, and both unilateral gaps
are zero. The admissible team optimum (1, 1) has value one, while (0, 0) has value zero. Repeating
(0, 0) gives zero cumulative feasible-deviation gap but team regret K. Thus small feasible unilateral
gaps do not imply team optimality. Team optimality implies unilateral stability for the shared reward.
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K Experiments on Learning, Certification, and Coordination

K.1 Evaluation criteria and observation models

We evaluate how local interaction structure and informative feedback affect safe learning, together
with the computational and communication costs of implementing the certified planner. The synthetic
models permit exact evaluation of the optimal safe policy and latent constraints, with explicit control
over each estimator’s observations. The experiments examine learning at fixed induced action width,
certification under different feedback models, finite-horizon learning with unknown dynamics, exact
planning, and communication with quantized scores. Learning studies use noisy trajectories, planning
studies measure execution time, and routing studies count the packets required by a specified protocol.

For each learning run, we compute the value of the episode’s frozen policy exactly under the true
simulator. The reported cumulative gap is

GK =
∑K

k=1

[
V Π⋆

1 (ρ)− V Πk

1 (ρ)
]
. (127)

For safe methods this is the regret in (4). Exact policy evaluation removes Monte Carlo error from a
separate test sample. For the unconstrained diagnostic, we retain the signed gap and report violations
of the true functions gℓ,h separately. We also record BK on the comparator’s reachable support and
the fraction of true-safe state–action entries admitted by the certified candidate set. Every run is
included regardless of its return or safety outcome.

Learning experiments use 30 independent seeds and K = 5000 episodes. At a fixed plotted
episode, let yj be the metric from run j. The sample mean, sample variance, and reported pointwise
approximate 95% interval are, respectively,

ȳ =
∑30

j=1
yj/30, σ̂2

y =
∑30

j=1
(yj − ȳ)2/29, ȳ ± t29,0.975σ̂y/

√
30. (128)

Here t29,0.975 is the 0.975 quantile of the Student-t distribution with 29 degrees of freedom. These
intervals describe variability across independent runs. They are not simultaneous confidence bands
and do not estimate the algorithm’s high-probability safety event. The chain sweep varies both the
model parameters and observation noise across seeds, whereas the finite-horizon model is fixed
and its initial states, transition draws, and observation noise vary. Matched methods use the same
seed-indexed random streams. Timing plots instead show medians and empirical interquartile ranges
over 25 instances. Deterministic routing counts and analytical bounds have no sampling intervals.

Shared safety model. Both learning environments have binary actions and a common observed
mode s ∈ {0, 1}, with global state (s, . . . , s). Each agent observes the mode locally. There are
F = N singleton reward scopes, with factor i assigned to agent i. Action a ∈ {0, 1} selects power
ps(a) = p0s+(1−p0s)a, where p00 = 0.1 and p01 = 0.5 are the low-power levels and action one selects
unit power. Each neighboring pair Iℓ = {ℓ, ℓ+ 1} has constraint residual, feature, and parameter

gℓ,h(s, aℓ, aℓ+1) = cℓ,h
[
ps(aℓ) + ps(aℓ+1)

]
− bℓ,h,

ϕgℓ,h =
(ps(aℓ) + ps(aℓ+1),−1)⊤√

5
, θgℓ,h =

√
5(cℓ,h, bℓ,h)

⊤.
(129)

Here cℓ,h is the constraint gain and bℓ,h its threshold. Both are unknown to the learner. The feature
norm is at most one and the parameter bound is Bg = 5. The chosen parameter ranges make (0, 0),
(0, 1), and (1, 0) safe and (1, 1) unsafe in both modes. Initially, only the local (0, 0) tuples and the
whole all-zero fallback are supplied as safe. Each step provides noisy measurements of all constraints
and reward factors. Independent Gaussian noise uses its stated standard deviation as the sub-Gaussian
bound. We use λ = 1, δ = 0.05, and the radii (32).

K.2 Regret versus the number of agents at fixed induced action width

We first consider theH = 1 specialization, withN ∈ {4, 8, 16, 32, 64} and independent equiprobable
modes. For each seed, cℓ is uniform on [0.95, 1.05], bℓ/cℓ is uniform on [1.72, 1.78], and the reward
weight wi,s is uniform on [0.4, 1]. These parameters are drawn independently. Let e0 = (1, 0)⊤ and
e1 = (0, 1)⊤ be the two mode-coordinate vectors. The reward factors, features, and parameters are

ri(s, ai) =
wi,s

N
ps(ai), ϕri (s, ai) = ps(ai)es, θri =

(wi,0, wi,1)
⊤

N
. (130)
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Figure 4: Learning on chains whose complete action-factor graph has induced width one. (a) Average
regret decreases on the tested chain instances. (b) Cumulative regret at K = 5000 for the learned
certificates, known-safety comparison, and fixed fallback. Bands and bars are pointwise approximate
95% intervals over 30 seeds. Rewards are normalized by N . Each step provides all local factor
observations, so scalar feedback increases with N .

Table 5: Chain learning at K = 5000. Regret is mean ± approximate 95% interval half-width. The
mean count BK measures episodes with an uncertified comparator. All executed actions were safe.

N Reg(K), learned safety Reg(K), known safety BK

4 184.3± 27.4 4.48± 0.79 2385.9
8 186.4± 17.8 5.19± 0.73 2745.1

16 188.4± 12.2 5.56± 0.69 3254.8
32 190.1± 7.7 6.81± 0.49 3969.5
64 186.4± 5.1 7.12± 0.43 4233.5

Thus the team reward satisfies r ∈ [0, 1], dr,i = 2, and the common reward-parameter bound is
Br =

√
2/N . Reward and constraint noise have standard deviations 0.05/N and 0.02, respectively.

Across values of N , each seed uses a prefix of the same 256-agent parameter draw. Distinct seeds
remain independent. Every optimistic score factor, including its bonus, is unary. Pairwise chain
constraints therefore give induced action width one.

We implement exact suffix maximization and conditional assignment recovery. All agents use one
consistent action assignment across overlapping edges. The known-safety comparison uses the same
reward estimator and optimizer with the true feasible set, isolating the cost of learning safety. The
all-zero fallback provides a fixed safe-policy reference. The true optimal safe policy is computed by
the same exact chain recursion using the true reward and constraints.

Figure 4 and Table 5 show cumulative regret between 184.3 and 190.1 over the tested sizes, compared
with 1286.0–1370.4 for the fallback. The mean per-episode gap over the final 500 episodes is
0.0011–0.0019. There were zero violations among 17,850,000 executed constraint tests across the
five learned-safety configurations. These results demonstrate effective reuse of local feedback on
this family without establishing a dimension-independent worst-case bound. Increasing N supplies
more factor observations per episode, and the reward normalization keeps the team return bounded.
Moreover, BK increases with N even though regret changes little. Full comparator inclusion requires
every relevant local tuple to be certified, while a remaining blocked tuple can have a small value cost.
The sufficient bound HBK can therefore exceed the instance’s actual certification loss.

K.3 Safe feedback and the certification bottleneck

To isolate information coverage, we retain the N = 8 chain models and set ρ(s = 0) = 1. Under
ordinary trajectory feedback, the learner remains at the all-zero fallback in every run. Write x(p) =
(p,−1)⊤/

√
5 for the feature at total pair power p. The observed safety features are collinear with
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Figure 5: Coverage control on the fixed-mode N = 8 chain. The trajectory-only learner remains
at the fallback, whereas eight additional joint safe-constraint queries per episode make both safety
directions observable. Curves include all 30 seeds. The Gram eigenvalues include the identity
regularizer. The calibration improvement uses nine times the total number of constraint readings.

x(0.2), so the smallest eigenvalue of each regularized safety design remains one. For a fixed
constraint, write c and b for its gain and threshold, x0 = x(0.2) for the fallback feature, x1 = x(1.1)
for a mixed-action feature, and g0 = 0.2c − b for the fallback constraint value. After n noiseless
fallback observations, the design is Λn = I + nx0x

⊤
0 and its ridge estimate satisfies

θ̂n =
ng0x0

1 + n∥x0∥22
, lim

n→∞
∥x1∥Λ−1

n
=

1.1− 0.2√
5(1 + 0.22)

. (131)

The parameter ranges give g0 ≥ 1.05(0.2− 1.78) = −1.659. Since the prediction decreases toward
its limit, the confidence norm is bounded below by its limit, and every radius is at least Bg = 5, the
mixed-action upper certificate satisfies, for every n ≥ 0 in this noiseless calculation,

Ug
n(x1) ≥ −1.659

1 + 0.2(1.1)

1 + 0.22
+

5(1.1− 0.2)√
5(1 + 0.22)

> 0.027. (132)

HereUg
n(x1) = ⟨x1, θ̂n⟩+β(Λn;Bg, Rg)∥x1∥Λ−1

n
. Thus reducing noise along the observed direction

does not resolve the unobserved safety direction.

We compare this regime with an explicit auxiliary safe-feedback oracle. After each episode it returns
four fresh noisy constraint observations at the all-zero fallback in each of the two prescribed modes.
These are additional simulator queries, not unobserved samples implicitly assigned to the learner.
Each episode uses eight joint queries, or 8(N − 1) = 56 additional scalar constraint readings at
N = 8, in addition to the seven readings from the actual trajectory. This oracle requires access to the
known-safe configuration at either mode. Ordinary trajectory feedback does not provide it.

The calibration coefficients αp, βp represent the feature of every comparator-safe total power p ∈
[0.2, 1.5] as

x(p) = αpx(0.2) + βpx(1), αp =
1− p

0.8
, βp =

p− 0.2

0.8
,

α2
p + β2

p ≤ 3.03125 < 4,

4
[
x(0.2)x(0.2)⊤ + x(1)x(1)⊤

]
⪰ x(p)x(p)⊤.

(133)

The convex squared coefficient norm has endpoint maximum 97/32 = 3.03125. Applying Cauchy–
Schwarz to v⊤x(p) for each v ∈ R2 gives the displayed matrix inequality. Thus the calibration
samples provide the design growth in Assumption 5.3 at the stated feedback cost.

With ordinary feedback, mean cumulative regret is 1719.0 and BK = 5000. With calibration,
mean cumulative regret is 9.27 and mean BK is 12.2. Both methods have zero executed violations.
Figure 5 relates this difference to the safety-design eigenvalues. The comparison identifies the missing
information that prevents exploration despite a safe fallback and a positive margin. The calibrated
result requires the stated auxiliary oracle, whose availability depends on the application.
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K.4 Finite-horizon learning with unknown dynamics

We evaluate sequential learning with N = 4 agents, horizon H = 3, and K = 5000 episodes. The
state space is S = {(0, . . . , 0), (1, . . . , 1)}. Every agent observes the common mode s ∈ {0, 1},
and the initial mode is uniform. We use 30 independent runs, with seeds 35001–35030 and paired
random-number streams across methods. All environment parameters below are fixed across runs.
Reported intervals follow Appendix K.1.

Rewards and constraints. Index agents by i = 1, . . . , 4, chain edges by ℓ = 1, 2, 3, and stages by
h = 1, 2, 3. Actions are binary. The local mean reward is

ri(s, ai) =
0.05 + 0.65s+ [0.25 + 0.13(−1)i−1+s]ai

N
. (134)

Let u1, . . . , u4 be the standard coordinate vectors of R4. The reward feature ϕri,h(s, ai) = u2s+ai+1

selects one of four parameter coordinates, whose values are ri(0, 0), ri(0, 1), ri(1, 0), and ri(1, 1),
respectively. The mean team reward lies in [0, 1], and each reward parameter has norm at most
Br = 2/N . Independent Gaussian factor noise has standard deviation Rr = 0.05/N .

In the power-constraint construction (129), low power is p0s = 0.1 + 0.4s and high power is one. For
pi = p0s + (1− p0s)ai, set

cℓ,h = 1 + 0.04 sin(0.7 + (ℓ− 1) + 2(h− 1)),

bℓ,h = cℓ,h[1.72 + 0.06 cos(0.2 + 2(ℓ− 1) + (h− 1))],

gℓ,h = cℓ,h(pℓ + pℓ+1)− bℓ,h, ϕgℓ,h =
(pℓ + pℓ+1,−1)⊤√

5
. (135)

Both coordinates of θgℓ,h =
√
5(cℓ,h, bℓ,h)

⊤ are unknown and estimated, with Bg = 5 and ∥ϕgℓ,h∥2 ≤
1. Constraint measurements have independent Gaussian noise with Rg = 0.05. The true feasible
actions have no adjacent active agents. Every all-low local tuple is initially certified, and the whole
all-low action is the fallback at both modes and every stage.

Action-dependent transitions. Let ā = N−1
∑

i ai be the fraction of agents using high power.
With known weightswi = 1+0.3 cos(2π(i−1)/N), the weighted fraction is āw =

∑
i wiai/

∑
i wi.

Two known transition kernels assign probability

P (0)(s′ = 1 | s,a) = 0.75 + 0.15s− 0.65ā,

P (1)(s′ = 1 | s,a) = 0.55 + 0.30s− 0.45āw.
(136)

The unknown kernel is Ph = νhP
(0) + (1 − νh)P

(1), with true weights (ν1, ν2, ν3) =
(0.75, 0.45, 0.65). The probability of mode zero is the complement of the displayed probability.
The known feature and unknown parameter are

ϕPh (s
′ | s,a) =

(
P (0)(s′ | s,a), P (1)(s′ | s,a)

)⊤
/
√
2, θPh =

√
2(νh, 1− νh)

⊤. (137)

The known parameter domain is ΘP
h = {

√
2(v, 1 − v)⊤ : 0 ≤ v ≤ 1}. It implies BP =

√
2 and

∥ψV
h ∥2 ≤ ∥V ∥∞, because each coordinate of

√
2ψV

h is an expectation of V under a probability
kernel. Strictly positive transition probabilities make both modes reachable at every stage.

Estimation and comparisons. We implement (31)–(32) with δ = 0.05, F = 4, m = 3, and the
normalized transition noise bound RP = 1. Estimates and values are frozen before each episode.
Transition data retain their original historical value functions (10). Planning maximizes the unclipped
score with lexicographic tie-breaking and then clips its selected value. The complete transition bonus
has a global action scope. We therefore enumerate all 16 joint actions. This experiment does not
measure bounded-width planning scalability.

The known-safety learner receives the true feasible sets but otherwise uses the same reward and
transition learning. The full-joint certification ablation uses the same reward and transition models
and feedback access but estimates each (h, s,a, ℓ) constraint mean independently. For an entry
observed n times, its upper bound is the empirical mean plus Rg

√
2 log(2|S||A|K/α)/n for n > 0,

and infinity for unobserved entries. The whole fallback remains available. This ablation isolates reuse
of local constraint observations and does not represent all centralized algorithms. Other comparisons
use the fixed fallback and unconstrained optimistic learning.
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Figure 6: Finite-horizon learning with unknown rewards, dynamics, and coupled constraints. Curves
use all 30 runs. Uncertainty bands are 95% Student-t pointwise intervals. Calibration has the
additional feedback cost stated in the text.

Acquiring certification information. Alongside trajectory-only feedback, we evaluate an ex-
plicit safe calibration oracle. After each episode, it supplies four independent all-low constraint
measurements in each mode, at every stage. These require 24 joint oracle calls, or 72 scalar con-
straint readings, per episode. All readings enter the regressions. Including trajectory feedback
gives 405,000 scalar readings per calibrated run, compared with 45,000 without calibration. Writing
x(p) = (p,−1)⊤/

√
5, the calibration increment satisfies

4x(0.2)x(0.2)⊤ + 4x(1)x(1)⊤ ⪰ x(p)x(p)⊤, 0.2 ≤ p ≤ 1.5. (138)

This increment covers every feasible local tuple and supplies the design growth in Assumption 5.3.
Merely visiting both fallback modes does not guarantee this episode-wise condition, so we check
coverage witnesses for every blocked episode and record BK .

Results. Exact dynamic programming gives V Π⋆

1 (ρ) = 1.7323861914 and V Π0

1 (ρ) =
1.5268929688. The safe optimum uses all-low actions at stage one and mode-dependent activa-
tion later, reflecting the effect of current actions on future modes. We evaluate every learned policy
exactly under the true model. Figure 6 and Table 6 report these policy gaps and latent constraint
violations, rather than violations of noisy measurements.

All certified methods had zero observed violations. Calibration first admitted every comparator action
between episodes 639 and 680 (BK ∈ [638, 679]), and every blocked episode had a coverage witness.
Without calibration, BK = 5000 in all runs, despite admitting on average 86.94% of true-safe
state/action entries by the end. These trajectory-only results show an improvement over fallback,
but do not establish sublinear regret. The calibrated learner approaches the known-safety learner’s
performance over the final 500 episodes at the stated additional observation cost. The unconstrained
diagnostic incurred 597,995 violated scope–step tests over 238,840 steps, with violations in all 30
runs. Its signed gap relative to the safe comparator is retained and is not interpreted as safe regret.

K.5 Exact planning and interaction structure

We isolate the computational effect of action-factor structure using binary actions and the complete
score Q̃(a) =

∑N
i=1 wiai, where the weights are independent uniform integers in {1, . . . , 1000}.

Each edge (i, j) imposes the exact hard constraint aiaj = 0, represented by a 0/−∞ table. The all-
zero action is the known-safe fallback and is scored separately. We compare exhaustive joint-action
enumeration with exact variable elimination and conditional backtracking. Both optimize the same
materialized score and feasibility tables, with descending elimination order, lexicographic action ties,
and fallback priority on a score tie. Thus this comparison changes the planning implementation while
preserving its objective and feasible set. It does not compare different learning rules. Conditional
backtracking gives every shared variable one action that satisfies all its constraint scopes.
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Table 6: Mean gaps ± approximate 95% interval half-widths across 30 runs. BK is a mean. Final
gap averages episodes 4501–5000 within each run. Violations count all violated latent scope–step
constraints across runs. The unconstrained row reports a signed safe-comparator gap.

Method Gap GK Final gap BK Violations

Safe-CMG 536.8± 3.2 0.1053± 0.0009 5000.0 0
Safe-CMG + calibration 262.4± 1.2 0.0331± 0.0008 658.4 0
Known safety 226.3± 1.2 0.0330± 0.0007 0.0 0
Joint-table certificate 1027.5 0.2055 5000.0 0
Fixed fallback 1027.5 0.2055 5000.0 0
Unsafe diagnostic 78.8± 1.7 0.0055± 0.0013 0.0 597,995
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(b) Clique: width N − 1

Figure 7: Exact planning on identical certified objectives. Measured runtime summaries use 25
independent instances per configuration. Enumeration above N = 20 is not run. The complete
action-factor width is one for the chain and N − 1 for the clique.

The chain sizes are N ∈ {4, 8, 12, 16, 20, 32, 64, 128, 256}. The complete pairwise graph sizes are
N ∈ {4, 6, 8, 10, 12, 14, 16, 18}. We generate 25 independent instances per size. Enumeration is
limited in advance to N ≤ 20 and uses chunks of at most 65,536 assignments. Larger enumeration
cases are omitted, without extrapolated runtimes. All 325 paired instances agree exactly in optimal
score, selected joint action, and fallback decision. All selected actions satisfy every hard constraint.

Figure 7 reports measured medians and interquartile ranges. At N = 20, chain elimination takes
1.035ms (0.788–1.156ms), compared with 224.322ms (217.548–228.657ms) for enumeration.
Chain elimination takes 9.824ms (9.339–10.389ms) at N = 256. Its induced width remains
one, with four entries in the largest elimination table and two in the largest separator message. For
the N = 18 clique, the width is 17 and these counts become 262,144 and 131,072. Elimination takes
39.575ms (38.216–40.599ms). These counts describe materialized tables, not measured process
memory. Width is computed from all score and feasibility factors. The clique’s particular constraints
admit a specialized O(N) solver because at most one action can equal one. The measured growth
therefore describes generic elimination on this representation and does not establish intrinsic hardness.

K.6 State inputs and physical routing

We evaluate the packet accounting of Propositions I.1 and I.2 on the same chain sizes. The reduced
junction tree hasN−1 bagsBi = {i, i+1}, rooted at its middle bag, and the physical communication
graph is an N -agent path. Matched hosts assign bag Bi to agent i. Alternating hosts use the order
1, N, 2, N − 1, . . .. Unary factor i and output action i are assigned to bag min(i,N − 1), while pair
factor (i, i + 1) is assigned to bag i. State symbols and fallback components each occupy one bit.
Repeated requests for the same source–host pair are merged.

Local unary factors use state scope {i}, whereas global unary factors use [N ]. Pair-factor state
scopes remain {i, i + 1}. With matched hosts, the resulting raw-state traffic is N − 1 bit-hops
locally and N(N − 1)(2N − 1)/6 bit-hops globally. At N = 32, these counts are 31 and 10,416
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Figure 8: Communication costs and implementability. (a) Calculated total routed payload at action
width one, varying state-input scopes and bag placement. These are protocol counts, not network
timings. (b) Actual synchronous execution on the 16-agent path. Safe commitment has zero violations
at every budget. Partial broadcast has high reward but violates equality constraints below 15 rounds.
Means and approximate pointwise 95% intervals use 30 independent seeds. The dotted horizontal
line marks the exact short-round expectation, rather than a fitted value.

despite identical action width one. Alternating hosts increase routing distances without changing the
logical factorization. Figure 8 therefore separates action structure, state acquisition, and physical
placement. These counts quantify traffic for the specified raw-input protocol. They are neither
minimum communication requirements nor measurements of network latency. The plotted totals
include state and fallback inputs, upward scores, downward assignments, and final outputs. At
N = 32, matched hosts require 1264 bit-hops with local state inputs and 11,649 with global inputs.

For score traffic we use |qi| ≤ 1/N , desired optimization-error bound ϵ = 0.01, and score grid
ζ = ϵ/N . The locally known fallback requires R0 = 0 rounds. Each upward packet contains two
separator scores and one fallback scalar. Downward packets and final outputs each contain a branch
flag and one action bit. The data also record rin + 2DG + rout for the unrestricted vector-message
model and a separate sufficient serial schedule with 64-bit edge capacity. The two bounds correspond
to different edge-capacity models and do not measure network latency.

A limited-round protocol. We separately simulate the known-model path game in Proposition H.1,
with N = 16. A fresh fair bit X is observed only by agent one. The reward is 1{a1 = X} and the
hard constraints require all adjacent actions to agree. Information is forwarded synchronously by one
edge per round, using only messages received in previous rounds. The safe protocol executes the
whole all-zero fallback when the publicly known budget is R < 15. At R = 15 every agent executes
the received bit. For comparison, an unsafe partial-broadcast protocol lets informed agents act on the
bit while uninformed agents choose zero. We use 30 seeds, 10,000 independent episode bits per seed,
and the same bits for both protocols and all R ∈ {0, . . . , 15}.

Below the threshold, the safe protocol has empirical mean reward 0.50191 and no violations, whereas
partial broadcast has reward one and violates a constraint in 149,428 of the 300,000 episodes (fraction
0.49809). At R = 15 both achieve reward one without violations. The exact expectations below the
threshold are 1/2 for safe reward and 1/2 for the unsafe protocol’s violation probability. Figure 8(b)
displays the sampled values separately from this expectation. The short-round fallback attains the
optimal safe value within its admissible protocol class. Its shortfall relative to the full-state controller
is therefore an information limitation even with a known model and exact action optimization.

K.7 Finite precision in score communication

On 25 independent N = 32 chains, normalize the unary scores to qi(ai) = wiai/(1000N). There
are mQ = N score factors. For desired optimization-error bound ϵ, set the quantization step to
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Figure 9: Original-score loss and calculated upward score payload under exact hard constraints. (a)
Mean and maximum loss over 25 instances, with the deterministic bound mQζ . The loss axis is linear
near zero and logarithmic above 10−5, preserving exact zero losses. (b) Mean upward score payload
with empirical minimum–maximum shading. Score rounding changes the selected value while all
200 plans remain feasible. Payload excludes input, downward-assignment, and output traffic.

ζ = ϵ/N , so mQζ = ϵ. We sweep ϵ ∈ {0.5, 0.2, 0.1, 0.05, 0.02, 0.01, 0.005, 0.002}, replace only
soft scores by zi = ⌊qi/ζ⌋, and solve the integer objective exactly. The hard flags are unchanged,
and the fallback is compared under the same integer objective. Rational arithmetic computes each
floor, and integer weight sums give the original-score losses. All 200 plans remain feasible and lose
at most ϵ in the original score.

Figure 9 shows mean losses of 0.0443975 at ϵ = 0.5, 0.00171375 at 0.1, and 0.00001125 at 0.01.
The corresponding maximum losses are 0.089875, 0.00990625, and 0.00025. No loss occurs on
these instances at ϵ = 0.002. Using the actual bounds Li = wi/(1000N) in (113), the mean upward
score payload is 630 bit-hops at ϵ = 0.5 and 1,281.6 at 0.002. This counts (N − 2)3bζ bit-hops on
matched chain hosts, including fallback aggregates and excluding other packet types. The uniform
bounds Li = 1/N in Appendix K.6 can require longer score words.

K.8 Reproducibility, resources, and empirical scope

The supplementary package contains the complete simulation and plotting code, all production
seed records, model parameters, per-episode metrics, executed state/action traces, and raw timing
observations. Chain learning uses seeds 24001–24030, finite-horizon learning uses 35001–35030,
and path execution uses 46001–46030. Independent streams are explicitly indexed within each family.
All listed runs enter the figures and summaries, with pilot seeds excluded.

The base seed is 20261105. NumPy’s SeedSequence([base,family,N,replicate])
generates each instance’s seed from its first 64-bit output. Family identifiers 10, 11, and 20 denote
chains, cliques, and precision trials, respectively, and replicate indices range from 0 to 24. This
base-seed construction applies to the planning and precision instances. Measurements use Python
3.12.14 and NumPy 2.3.5 on an AMD EPYC 9V74, with an eight-CPU quota, 8 GiB memory limit,
and BLAS/OMP thread counts set to one. One independent warmup precedes each method–size
configuration. Method order alternates across replicates. Timing includes validation, optimization,
backtracking, and fallback comparison. Factor construction is recorded separately. The 750 measured
planning calls take 14.186 s in aggregate. The complete timing sweep, including warmups and
measurement overhead, takes 15.235 s. Raw observations, omitted-case flags, source hashes, and all
configurations accompany the implementation.

The twelve batched chain configurations take 84.70 s in aggregate, and the six finite-horizon config-
urations take 74.45 s. Each configuration contains 30 seeds and 5000 episodes. Precision, routing,
and path execution take approximately 0.30 s, 0.20 s, and 1.03 s, respectively. These are sums of
elapsed durations, not exclusive CPU-hour measurements. Timing measurements begin after learning
jobs become idle. The shared runtime has no exclusive allocation and uses no GPU. Additional
computation includes pilots, independent checks, plotting, and reconstruction of one truncated archive
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with unchanged seeds. Every reconstructed summary except elapsed time matched exactly. The
supplement documents the repair and validates all 19 raw archives.

These experiments use exactly specified linear models and small state spaces. The common-mode
learning instances do not test distributed state acquisition. The routing and path studies use separately
specified information models. Finite-window curves and zero observed violations complement the
proofs but do not establish asymptotic rates or probability guarantees. No conclusion about physical
deployment, misspecification, packet loss, or network latency is drawn.
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much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justification: The limitations discussion addresses the globally available safe fallback, factor-
level reward observations, certification coverage, exact planning and communication, and the
costs of large state spaces and action graphs with large induced width. These assumptions
restrict the scope of the theoretical guarantees.

Guidelines:

• The answer [N/A] means that the paper has no limitation while the answer [No] means
that the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate “Limitations” section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.
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show medians and interquartile ranges over 25 instances. Deterministic routing counts,
precision bounds, and empirical ranges are labeled separately; no simultaneous-band or
hypothesis-test claim is made.

Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The authors should answer [Yes] if the results are accompanied by error bars, confidence

intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

• If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: Appendix K.8 identifies the CPU, memory and CPU quotas, numerical thread
settings, software versions, measured durations by experiment family, and additional pilot,
verification, plotting, and archive-recovery computation. No GPU is used.

Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).
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9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: The research conforms to the NeurIPS Code of Ethics. It involves no human-
subject studies or personal data, and the paper states the assumptions and limitations of its
safety guarantees.
Guidelines:

• The answer [N/A] means that the authors have not reviewed the NeurIPS Code of
Ethics.

• If the authors answer [No], they should explain the special circumstances that require a
deviation from the Code of Ethics.

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [Yes]
Justification: The broader-impact discussion identifies potential safety benefits for robotic
and wireless coordination, risks from applying model-dependent certificates to unvalidated
systems, and the absence of an automatic fairness guarantee.
Guidelines:

• The answer [N/A] means that there is no societal impact of the work performed.
• If the authors answer [N/A] or [No], they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?
Answer: [N/A]
Justification: The paper releases no datasets or trained models with elevated misuse risk.
Guidelines:

• The answer [N/A] means that the paper poses no such risks.
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• Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [N/A]

Justification: The experiments use original synthetic simulators and do not reuse external
datasets, pretrained weights, or third-party research implementations. Standard numerical
and plotting dependencies are identified by name and version in the supplement; their source
code is not redistributed. Prior research is cited and language-model assistance is disclosed.

Guidelines:

• The answer [N/A] means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the package

should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: The supplementary package documents the new experimental software and syn-
thetic outputs, including their purpose, configurations, seeds, formats, limitations, integrity
checks, and reproduction commands. It contains no personal data.

Guidelines:

• The answer [N/A] means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
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Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [N/A]
Justification: The research involves no crowdsourcing or human participants.
Guidelines:

• The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [N/A]
Justification: The research involves no human participants or studies requiring institutional
review board approval.
Guidelines:

• The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.
Answer: [Yes]
Justification: ChatGPT assisted manuscript editing, mathematical and notational checks,
proposed corrections and supplementary arguments, and implementation, checking, and
analysis of the synthetic experiments. This assistance is disclosed in the manuscript. No
LLM is a component of the proposed learning algorithm or simulated environments.
Guidelines:

• The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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